Higher Maths Notes

Sets and Functions

A set is a group of nhumbers which share common properties. Some common sets are:

Natural Numbers N={1,2,3,4,5,...}

Whole Numbers W=1{0,1,2,3,4,5,..}

Integers Z={...,-3,-2,-1,0,1,2,3,..}

Rational Numbers Q = all integers and fractions of them (e.g. %, -%, etc)
Real Numbers R = all rational and irrational numbers (e.g. ﬁ,ﬂ, etc.)

Sets are written inside curly brackets. The set with no members “{ }” is called the empty set.

€ means “is a member of”, e.g. 5 €{3, 4,5, 6,7} & means “is not a member of”, e.g. 5 & {6, 7, 8}

A function is a rule which links an element in Set A to one and only one element in Set B.

Set A Set B Set A Set B

iy, 2
allldh»

“ Domai n ” A\Y /4 A in” \\ n
Range Domain Range

This shows a function This does not show a function
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Example 1: Each function below is defined on the set of real numbers. State the range of each.

a)f(x)=sinx°'g"£! b) g(x ) =x? ,ﬁ c)h(x)=1-x?2 !
-

-1€ () < 1 96> O heo< |

9 b
When choosing the domain, two cases ) Denominators can’t be zero

MUST be avoided: b) Can’t find the square root of a negative value
1 . ,
e.g. For f(x) = X+5’X¢'5’ i.e. {x €R:x=-5} e.g. Forg(x)= VX-3 ,x>3,i.e. (x ER:x>31

Example 2: For each function, state a suitable domain.

2 2
a) g(x) = 3x-2 b)p(e)=ﬂ C)f(y)=\/!%
7O

!

20 S-0%0 -\
24 -0%-5 v >

L ]
’ °

3oe -4
3 2
=
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Composite Functions

In the linear function y = 3x - 5, we get y by doing two acts: (i) multiply x by 3; (ii) then subtract 5. This
is called a composite function, where we “do” a function to the range of another function.

e.g. If h(x) is the composite QN obtained by performing f(x) on g(x), then we say

h(x) = f(g(x)) (“f of g of x”)

24+ 2x.

~

Example 3: f(x) =
a) Find f(g(-1

and g(x) = 3x

b) Find f(g(x))

)
50 3(—0‘3.1(—9 = (300 d)
s 3 = 5 (BcHae) + |
€)= 54 = 155" y1oaed |
= 6 -
¢) Find f(f(x)) ' d) Find g(f(x))
£ (5=4) = g (Sx)
= S(Sscar) + 1 = 3(Sx+) + & ( Soc4r)
= 2Sx +S4! =3 (A5x%xsy) + (0t
= 2Sx46 = 7S¢ A 3cc 43 +10¢4
—_— = FSx’ +Uosect+S
- — 0
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NOTE: Usually, f(g(x)) and g(f(x)) are NOT the same!

Example 4: f(x) =2x + 1, g(x) = x* + 6

a) Find formulae for:
(i) f(g(x))
=2 (x‘& HER
= ¢ te 1240
= Qe+ D

(ii) g(f(x))

@)t C
Uxtd by F

3
X+1

(((66\
Ny c—a.)

.~
= 41
XA

Example 5: f(x) =

\!

G40¢
—
X4

- BX 204\
L4x

= 3x4d
Lt X

St Andrew's Academy Maths Dept

2 & —~__

b) Solve the equation f(g(x)) = g(f(x))

doct41d = Uxtaloct 7

Ax"tlwe -6=C

At 4dx-) =X 3

A (¢t 3)xX-)= <
xX=-3,=1
—

. Find an expression for f(f(x )), as a fraction in its simplest form.

=

3 4 OcH

O

X4\ X+

= 340c4\
04 |

0
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Past Paper Example: Functions f and g are defined on a set of real numbers by
f(x)=x+3 g(x)=x+4
a) Find expressions for:

(i) f(g(x)) (i) g(f(x))

b) Show that f(g(x)) + g(f(x)) = 0 has no real roots
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Example 1: Sketch and annotate the graph
of y=x2-2x-15

v
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Example 2: Sketch and annotate the graph
of y=x2_4x+4

\4
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Example 3: in the spaces provided, make a basic sketch of the graph(s) of the function(s) stated.
a)y=2x+1 b)3x+4y-12=0 c)y=-tfandx=5
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dy=x*andy =4 e)y=x*-4 f)y=(x-2)?and y=2x - x?
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Example 4: Sketch and annotate the graph of

y=x2-2x-8
A
y

v

Example 5: Sketch and annotate the graph of

y=(x+3)2+1

y

4

A

v

10
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Example 6: Sketch the graphs of y = sinx °, y = cosx ° and y = tanx ° below.

.
[ ]
| | > U 'l >
. . J X T T b T %
90° 1 270° 60° 180 0 360 ¥ 0° LY 0°
1 ) .
1 -14 9 .
o .
y = sinx ° y = cosx ° y = tanx °

For trig graphs, how soon the graph repeats itself horizontally is known as the period, and half of the vertical

height is known as the amplitude.

Function Period Amplitude
y =sinx ° 3&6 \

V = cosx ° 360° i

y = tanx ° \ ”O PV s)

For the graphs of:

y=asinbx°+c¢
and
y=acosbx°+c:

a = amplitude
b = waves in 360°
¢ = vertical shift

y=atanbx° +c:

b = “waves” in 180°

¢ = vertical shift

11
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Example 7: Sketch the graphs of:

a) y = sir(z)) b) v = 5cos2x ° + 3
A "w.a y“
Y o° & . L
4 LY %
o 1 )
[ °

X
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c)y=-3sin3x° -2 1‘ /\ @—

o
y 4 4
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Compound Angles

A compound angle is one containing two parts, e.g. (x - 60)°. The graphs of compound angles can be thought of
as the trig version of y = f (x - a), i.e. shifted left or right by a units.

Example 8: On the axes
opposite, sketch:

a)y=sinx’

b) y = sin (x - 45)°

14
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y=€+a y=f(x)+a y=¢m-a.

y = f(x)

y = f(x) + a is obtained by sliding y = f(x):
Vertically upwards if a > 0
Vertically downwards ifa < 0

15
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arter - 5B1 - Wed 13/6/18

a) f(g(x)) b) g(f(x)) c) g9(g(x))

=3 +S A = (e )

:—_J(bxﬂ“—w“’)*c’ = Ex" 413 = -2\

-l 4349 5 ex 17 = x>

- (2]‘_2"02,&‘{,1 — .
r o

2) Let k(x) IL find K'(x)

16
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Y= Q(x-&f) y = f(x + a) v= C(zn{)

A
y v~ f(x)

y = f(x + a) is obtained by sliding y = f(x):
Horizontally left if a > 0
Horizontally right if a < 0
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Y=+,

y = f(x)

y = k f(x) is obtained by vertically:
stretching y = f(x) if k > 1
compressing y = f(x) if 0 <k < 1

18
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y = f(kx) is obtained by horizontally:
compressing y = f(x) if k > 1
stretchingy = f(x) if 0 < k < 1

19
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y = - f(x) is obtained by reflecting y = f(x):
in the x - axis

20
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y = f(-x) is obtained by reflecting y = f(x):
in the y - axis

21
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Example 9: Part of the graph of y = f(x) is shown. A
y
On separate diagrams, sketch:
a)y=f(-x)+2
1 (1,1)
byy=—— 1
)y > flx+1) ‘
-3 0 2 X
y = f(x)
(-2,-4)
A A
o’ y
ad ( l‘\ Q( )-" 2 (‘7|‘D )
¢ = (¢
< J /\ 3"‘&/“"
0 X Py VY ' x>
\J e
@

22
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Past Paper Example: The diagram shows a sketch of the function y = f(x ).

To the diagram, add the graphs of:
a) y = f(2x)
T

by=1-f29. Y=- Q(&c\) &\
(-h,?) — (-2 -‘)

(g:g:: ((o\::

-4,%8) > -b,-i) -» (-z'-s)-a (-l, )
%(l;,o))-'> (( 0,0)» (00 > (o

(2.8) > (2D (9

vy
ad | 4O
(4,80 D a0
\)
“o”)
(28]

23
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Example 1: A sequence is defined by the
recurrence relation Un. = 3U, +2, U = 4.

Find the value of Ua.

Example 2: A sequence is defined by the
recurrence relation U, = 4U,.1 - 3, where Up = a.

Find an expression for U; in terms of a.

24
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Finding a Formula

Recurrence relations can be used to describe situations seen in real life where a quantity changes by
the same percentage at regular intervals. The first thing to do in most cases is find a formula to describe
the situation.

Example: Jennifer puts £5000 into a high-interest savings account which pays 7.5% p/a. Find a
recurrence relation for the amount of money in the savings account.

Solution:  Starting amount = £5000
After 1 year: amount = starting amount + 7.5% (i.e. 107.5% of starting amount)
= 1.075 x starting amount

Recurrence relation is: Un+1 = 1.075U, (Uo = 5000)

Example 3: Find a recurrence relation to describe:

a) The amount left to pay on a loan of £10000, b) The amount of water in a swimming pool of
with interest charged at 1.5% per month and fixed volume 750,000 litres if 0.05% per day is lost to
monthly payments of £250. evaporation, but 350 litres extra is added daily.

25
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Section 2 - Recurrence Relations.
Additional Example 2.1.1

beginning of 2009 was £24,000.

The value of a car depreciates by 5% per annum. Its value at the

a) Find a recurrence relation for the value of the car.

U,\_,,. = O-as5Un

b) Calculate the expected value of the car at the beginning of 2013

J, = 0-aS x 2uo00

Ul = 33‘600

J =~ Q- AS x LB

Uz = Q2At66C

Jay = Q GS x&alg6eC

Jay = A0S ?7

Uy = Q.GSx AOS7#

U = \Oll.sil-f-ls- .
At e

(~—y 04(—— &O( 2

_

Cor \ We(d JlasLs s

—

Ja = ALOSO
AU00

26
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Section 2 - Recurrence Relations.
Additional Example 2.1.2

When a particular drug is given to a patient, 40% of it disappears from

the body after each hour. 100mg of the drug is given to the patient at
the start of treatment and 75mg after each hour.

a) Werite a recurrence relation for this situation.

b) How much drug will be in the patient’s body after 3 hours?
a) Unxt =— O-60n 43S U = (O .

'o> U, — ©-6x\Qox 75

U, = \BS
Up = C-6='135 175 A (e 3z
J2 = \§6
Js- C-6% 156475 | GF- 6
Us = \GE-6 —

27
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Example 4: Bill puts lottery winnings of £120000 in a bank account which pays 5% interest p/a. After a
year, he decides to spend £20000 per year from the money in the account.

a) Find a recurrence relation to describe the amount of money left each year.

b) How much money will there be in the account after five years?

c) After how many years will Bill’s money run out?

28
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The Straight Line

Revision from National 5 |

The graph of y = mx + ¢ is a straight line, where m is the gradient and c is the y-intercept.

Gradient is a measure of the steepness of a line. The
gradient of the line joining points A (x1, y1) and B (xz, y2) is

given by:

y B
(%2, y2)

yz_y1

AB
X, - X,

Example 1: Find:

a) the gradient and y-intercept of the line
y=2x+5

M=, C=S

ngz
c) the gradient of the line joining P (-2, 4) and
Q@3 -1)
xlj. M“' \3 I’” '
ICr->C
Mz U= ()
T ———
-2- 3
M= s
-
M = \

-
a———

b) the equation of the line with gradient - 4 and
y-intercept (0, -2)

v-.-—l.oc-a

~
d) the gradient of the line 3y +4x-11=0

Y: Mo+ C .

29
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Equation of a Straight Line: y - b = m(x - a)

Points A (a, b) and P (x, y) both lie on a straight line.

A
_ y
The gradient of the linem/:%/_—_:@anging this gives:
ﬂ-b=m(x-a)) P(x,y)
NOTE: when you are asked to find the equation of a straight line, A (a, b)
you should always expand the brackets and simplify as far as you !
can. If the question doesn’t ask for a specific form then just >
leave it in any simplified form you want. 0 X
Example Z:QFjrg the equations of the lines: Y A 9‘
a) through (4, 5) withm =2 b) joining (-1, -2) and (3, 10)
V-bz m(x-a) Mz Jr-V
Y-S= ol (x-l.b Ca X1
Y-5: 3-8 Me10-CD 2 o
c) parallel to the line x - 2y + 4 = 0 and passing through the point (2, -3) v b M(x 3
- -0
= oc+ls -0z
9 yoctd M>L 9-(2) = 30c- )
)T = = Pc4d
Oc-2) =

v43 =5 (c-2)
Y43 = 4oe-? Vet
\js =2c - Y.

-
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Equation of a Straight Line
y=mx+cC AND Ax+By+C=0

Example 3: Find the equation of the line through Example 4: Sketch the line 5x - 2y - 24 = 0 by

. 2 . . finding the points where it crosses the x - and y -
(-5, -1) withm = -3 giving your answer in the axes.
form Ax + By + C =0, Lines Cuwk XC-0mS WU' o
4 24 )
Y- ()= g (x-¢ =-22  (F.0).
Lines cuk y-0m13 Wher 220

Vil= '3‘5 (.x-\»s)

-aw = U
Jy+3 = —a(x+s) 9=-%. (0,)
3Yy+3 = ~d — O, DT
obe -\—33-\-\3?- o
— = W
T
T2

31
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| The Angle with the x-axis

T Srtidingtinf+abHBhe @peralso be described as the angle it
makes with the positive direction of the x -axis.

As the y-difference is OPPOSITE the angle and the x-difference
is ADJACENT to it, we get:

m,, = tan6

NLY

(where 6 is measured CLOCKWISE from the x-axis)

Example 5: Find the51gle ma%e with the positive di@m of the )”axis and the lines:
a)y=x-1 b)y=5-3x joining the points (3, -2) and (7, 4)
’ M= | " msz-V3 M—,gj-,_p—‘O\ S

Eong = ™ EanO= -V3 X2-T\ —é
En@ = ) &= ton” ((3) M= 4=
@ = us°(.n) 6= 60°(l) | -~ -
= \ <O —~
— ®-= bof\’a'g )

7
Gradi@nts of straight lines can be summarised as follows: 6_ 56 36

a) lines sloping up from left to right have positive gradients and make acute angles with
direction of the x-axis - P

b) lines sloping down from left to right have negative gradients and m obtuse angles he
positive direction of the x-axis

c) lines with equal gradients are parallel

d) horizontal lines (parallel to the x -axis) have gradient zero and equationy = a

e) vertical lines (parallel to the y -axis) have gradient undefined and equation x = b
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Collinearity

If three (or more) points lie on the same line, they are said to be collinear.

Example 6: Prove that the points D (-1, 5), E (0, 2) and F (4, -10) are collinear.
Mog = I Mev = —\o -2 ;. Since Moc = Mee
Y u-0C & C s o
- 5-2 -t po~bt-.
— “« -
__—\3_0 =->5 Olc&\’a’e
:37 Collineaf

Perpendicular Lines |

If two lines are perpendicular to each other (i.e. they meet at 90°), then: ‘ mixmz = -1)

Example 7: Show whether these pairs of linesMular:
a) x+y+5=0 :‘)="":' b) 2x-3y=5 M'*% ) y=2x-5 M-z:\—
X-y-7=0 s 3x=2y+9 - 6y =10 - 3x <~
y ™ Rkl y M-% y M=%
M, = ~\ M‘-;L M\=2

= 3 - -
Ni“ Mepz 2 M‘b"‘i

A
=-1xl Y = -\
= -t Swnce MM =

. Sivwe MiM2=»-! ...=$"\(¢' MM‘L# A -

ok (res re
(res o A2 e o perndiol .

33
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When asked to find the gradient of a line ; E:?:i:huepfir::l::\fv:f e e e
perpendicular to another, follow these steps: 3. Change the sign (e.g. negative to positive)

Example 8: Find the gradients of the lines perpendicular to:

a) the liney =3x - 12 b) a line with gradient = -1.5 c) the line 2y + 5x =0
Mz —L z z =S x
. M2 = 2 9T =
Nl - -_s—.-
S - z
Mo = 2

:: s
Example 9: Line L has equatiofi x + 4y + 2 = 0. §ind the equation of the line perpendicular to L which
passes through the point (-2, 5).

Yys -~
22t L
M.= =L

&

Mzs & (-2.9)

-b :M(x’é
%,5= u(x+2)

34
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| Midpoints and Perpendicular Bisectors

The midpoint of a line lies exactly halfway along it. To

find the coordinates of a midpoint, find halfway between the y 4
x - and y - coordinates of the points at each end of the line
(see diagram). A (-2, 5)\

The x - coordinate of M is halfway between -2 and 8, and
its y - coordinate is halfway between 5 and -3. N"

In general, if M is the midpoint of A (x1, y1) and B (xz, y2): 0 \ Y

Mo X, +X, Y, +Y, B(8-3)
2 7 2

The perpendicular bisector of a line passes through its midpoint at 90°.

Example 10: Find the perpendicular bisector of the tige

joining F (-4, 2) and G (6, 8). Cs (6 |3
M 14 _‘b’_'Z'_ To find the equation of a perpendicular
rIL X M_L = 9 _ ° | bisegor:
—— Find the gradient of the line joining the
(‘-55 M < '_L_'_‘_‘, 2+$ given points
T Find the perpendicular gradient (flip and

= ( \, S) . make negative)

Find the coordinates of the midpoint
e Substitute intoy - b =m(x - a)

’( (A\Q " \
- s -5'(.:—! _5 .

33- = - x“)

35
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Lines Inside Triangles:
Medians, Altitudes & Perpendicular Bisectors

In a triangle, a line joining a A line through a corner which is A line at 90° to the midpoint is
corner to the midpoint of the perpendicular to the opposite . P
N - L . called a perpendicular bisector.
opposite side is called a median. side is called an altitude.

A A

The medians are concurrent

(i.e. meet at the same point) The perpendicular bisectors

at the centroid, which divides The altitudes are concurrent at
P . are concurrent at the
each median in the ratio 2:1 the orthocentre. The -
- L. - circumcentre. The
The median always divides the orthocentre isn’t always . .
. . . . circumcentre is the centre of
area of a triangle in half. located inside the triangle e.g. the circle touched by the
A solid triangle of uniform if the triangle is obtuse. vertices of the triany le
density will balance on the gie.
centroid.

For all triangles, the centroid, orthocentre and circumcentre are collinear.
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Lesson Starter - 5A1 - Thu 23/8/18

1) A & B are the points (4, 6) and (10, 8) respectively.

Find the equation of the perpendicular bisector of AB
=, 519
Mae=C2 7 5
= (%

2) Find the length of the line CD 4 D‘)-L
Masz = ) 3 3
b2 2y Euracll 2
= §—© -
10—\« 1o b :
= sn AR
ey 0 INEEEL NEEE INNEY SRANL:) X
=373 c0%= 443t
My = J-b-= M&-a)

g-7=-3(x-7) =619
Y-7=-3xra| €0 7S
V) =~2x+A8

37
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Example 11: A triangle has vertices P (0, 2), Q (4, 4) and R (8, -6).

) Find the equat1on of the median through P.
M X ‘9 M b
Qn-:

~7N\

c

\;

o

~

Iy

¥

N ¢
\:‘b\/—,

Mpr = —| - \3
6-0 Y-2=:L (x-o)
- S Y-d= ~f e
==L
z. J=2x42

b) Find the equation of the altitude through R.
MPQT\O-;_'\Ol ",\_\.PQ" —Z

2CA =€) ‘O—b ""(X D)

> u-a
7:_6 9- C'G)’ -2 (x- ‘3)

= 3 \\ﬂké-—;lx-\-(e
. Y= -Ax+lo
‘_‘2; /

To find the equation of a median:

e Find the midpoint of the side opposite
the given point

e Find the gradient of the line joining the
given point and the midpoint

e Substitute intoy - b =m(x - a)

To find the equation of an altitude:

e Find the gradient of the side opposite
the given point

e Find the perpendicular gradient (flip
and make negative)

e Substitute into y - b =m(x - a)
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t (s.-6)

a o €eD

Maa= - 6-CF) -0

A

Y —b =m(c-0) s-4
Y-l=-\v(c-3) = _L
v:—:c-\-3-\-| = |‘
9= = ML = =
— ) -

39
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[

Distance between Two Points

The distance between any two points A (x4, y1) and B

(X2, y2) can be found easily by Pythagoras’ Theorem.

If d is the distance between A and B, then:

d=\/()(2_)(1)2J“(y2_y1)Z

L
- * l.

Example 12: Calculate the distance between:
a) A (-4, 4) and B (2, -4)

2K, Y. € I
d = V) +(92-9 )
cA= \/li_ C’“S)‘_—J (_u_u\'k

o=z V3g+ey
d= Voo

d= \0.
b) X (11, 2) and Y (-2, -5)
b -1 Xy I

d= V€2 (-s-y
d= V1Gas4aq
d= Jzig

L OI

Example 13: A is the point (2, -1), B is (5, -2) and
Cis (7, 4). Show that BC = 2AB.
>C

o= @y CoeaxY
= Jez-u) (530

*J3g+u
= Vao —avo
RAA0
d =~ 2VE-cNa (aos)t
d= aV1 49
ad= Ao
S Since BC =ave § dAB =aYio
B3C = AAD

—/__-
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Past Paper Example 1: The vertices of triangle ABC
are A(7, 9), B(-3, -1) and C(5, -5) as shown:
The broken line represents the perpendicular
bisector of BC

a) Show that the equation of the perpendicular
bisector of BC is y =2x -5

= -4
s (.Y
=
MmiL=d
b) Find the equation of the median from C N 43 = 836'2
Mas - -34%F -14G = &e-F
1) 3 ' T r———
= U YV-b=m (e-a)
(8, > Y xS = -30c-S)
Moc = Dq-2, = -3¢ +\O
SCa =€, ppe—
= =5-4
s-2
=z
> =

c) Find the co-ordinates of the point of intersection of the perpendicular bisector of BC and the median

from C.
g—- -2 +\O
:j = 3-2‘—"3 .

=Y
—Soc HO= A~

. v=a(3)-5
v =\ . PQC_ (3,\

41
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Past Paper Example 2:

The line GH makes an angle of 30° with the y-axis
as shown in the diagram opposite.

What is the gradient of GH?

M=

™M

30/

can®
Can 60

A

M=\"3

e )

42
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Vectors

Revision from National 5

A measurement which only describes the magnitude (i.e. size) of the object is called a scalar quantity,
e.g. Glasgow is 11 miles from Airdrie. A vector is a quantity with magnitude and direction, e.g. Glasgow
is 11 miles from Airdrie on a bearing of 270°.

The position of a point in 3-D space can be described if we add a third coordinate to indicate height.
E. .ple 1: OABC DEFG is a cuboid, where F is

A G ! ? F (5, 4, 3) the point (5, 4, 3). Write down the coordinates
z ! " of the points:
A a)A b) D
! R y
D ", E M
Colm
” B
c)G d) M, the centre of face
ABFE
0 A X=

The rules of vectors can be used in either 2 or 3 dimensions:
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y z B (2,5, 4)
AGB 4

y
4

W)

N

ERREEEEREEREEE

0 3 g 3 .
0 2 X
Directed line segment OA Directed line segment OB
Position vector a | ] Position vector b
3 2
Components [4) Components | 5
4

The magnitude of a vector is its length, which can be determined by Pythagoras’ Theorem. The
magnitude of a is written as |a|.

Example 2: Determine |a| and |b] in the
examples above.

Ifu= [:J, then |u | = \Ja® +b?

a
Ifu=|b|, then |u | = Ja®+b%+c?
c

St Andrew's Academy Maths Dept
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Addition of Vectors

Two (or more) vectors can be added together to produce a resultant vector.

a d a+d
In general: E+B?f:ié and lfu=|b|andv=|e|,thenu+y=|b+e
f c+f

Example 4: Find values of x and y such that

Example 3: Findp +gwhenp=|3|andg=|-7|. X1+ 12)_(9
1 4 4 1% -2
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Subtraction of Vectors

Subtraction of vectors can be considered as going along the
second vector in the wrong direction.

a d a—d
Ifu=|b|andv=|e|,thenu-v=|b-e
f c—f

Multiplication by a Scalar Quantity

If we go along a twice, the resultant vector is a + @ = 2a. As we

/g/ have not changed direction, it follows that 2a must be parallel to a.
24 a ka
If v = ku, then
Ifu=b| then ku=kb u and v are parallel
c kc

4 -3
Example 5: If b=| 0 | andc=|-5 |, find:

-2 5

1

a) 3b b)2b + ¢ C)g-ilz
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Position Vectors

- - 0"‘ 2 Consider the vector ABin the diagram opposite. AB is the
Q resultant
-
.. b ’

vector of going along a in the opposite direction,
followed by b in the correct direction.

So, ATB=-Q+[_),1’.&: E=Q-g
Example 6: L is the point (4, -7, 2), M is the point (-5, -3, -1).
B Find the components of LM .
- C
R L= U
X " ° :s, - -?
-l 2
=/-9
u
o -3
AB= —G to
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-4
) . 5 Q
Example 7: P is the point (3, 7, -1). PQ has components | 9 |.
-3
Find the coordinates of Q.
P37 -1)
-7 _ U
PG = (4
>
>

Pe = - °
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Unit Vectors

A unit vector is a vector with magnitude = 1.
2

Example 8: Find the components of the unit vector parallel toh = | -3

6
|- J2eente
To find the components of a unit vector:
\’ u+9436

- \r‘.—q ¢ Find the magnitude of the given vector
- 9 e Divide components by the magnitude
-
1
-l-A © "/7
C/?

St Andrew's Academy Maths Dept
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Collinearity

Example 9: Points F, G and H have coordinates (6, 1, 5), G (4, 4, 4), and (-2, 13, 1) respectively. Show
that F, G and H are collinear, and find the ratio in which G divides FH .

FG=9-¢ Guzh->
AWL; *(i3)- (u>
2 b ; y
(2)’ (; e
(%) 3
LS. Since Cr—?\' = 3F-?.'- ¢ C-1950 ComMon Poml:'
E, & dHoe cCollnec & polel.
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Example 10: The points P(6, 1, -3), Q(8,-3,1) and R(9,-5,3) are collinear.
Find the ratio in which Q divides PR
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The Section Formula

P divides AB in the ratio 2:3. By examining the diagram, we can find a formula for p (i.e. 6I3).

OP = OA+ AP

A
y B
3
P
2
A
N
0 x>

In general, if P divides AB in the ratio m:n, then:

p= (n@ + mb)
n+m

Example 11: A is the point (3, -1, 2) and B is the point (7, -5, 14). Find
the coordinates of P such that P divides AB in the ratio 1:3.
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(1)

Vectors in 3D can also be described in terms of the three unit vectorsi= |0, j =
0
which are parallel to the x, y, and z axes respectively.

(0)
1|,and k =
0

(0)

|

0
1

J,

Example 12: u=3i +2j - 6k, v=-i +5j.

a) Express_u + v in component form b) Find | u+v |
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The Scalar Product (Angle Form)

The scalar product is the result of a type of multiplication of two vectors
to give a scalar quantity. (i.e. a number with no directional component)

For vectors a and b , the scalar product (or dot product) is given as:

a.b =‘gHQ‘cose

Example 13: Find the scalar product in each case below, where |a|=6and | b | = 10.

a)

Note: e g and b point away from the vertex

e 0<0<180°

b) <)
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The Scalar Product (Component Form)

We can use the formula below to find the scalar product when we have been given the component
forms of the two vectors but not the angle in between them.

(a) (b,)
Ifa =|a,| andb =|b, |, then a.b =aibs + azb; + asbs
a3 b3

Example 14: a =i+2j +2k,and b=2j+3j - 6k.Evaluatea.b
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Example 15: A is the point (1, 2, 3), B is the point (6, 5, 4) and C is the point (-1, -2, -6).
Evaluate AB.BC
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Perpendicular Vectors

A special case of the scalar product occurs when we have
perpendicular vectors i.e. when 6 = 90°: a.b =|al||b| cos90°

=lal|b| x0

=0

a

If a.b =0, then a and b are perpendicular |

Example 16: P, Q and R are the points (1, 1, 2), (-1, -1, 0) and (3, -4, -1) respectively.
Find the components of QP and QR, and hence show that the vectors are perpendicular.
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aly bia ) 3c-4) +6k

_s_.’:.&.?_l_z—iu_s_

U= (:) U.V= 3a-6bag
- ' pgposd\abf\lccﬁvs hWA
T
- é

-S 3o.- Lb+6 =0,
we (=
= (u (_,_(,L_._a-..-S‘a.%Jb-H.

-Sa ¥ Qh+=©O

3c -Ub=-6
-Sa.vab = —¢ & 2)

3o -Lb =~ —4% 4“(

-\Oc 4Lb> - &8 —
-F. =~V
C - &
Weez 2, 3(2) -Ub+Gg=0C
G -Lb+6:=¢<
Gz 2
- .3 Lb =
b=>. =%
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The Angle Between Two Vectors

We can rearrange the angle form o

More specifically: ‘

Example 17: g =i+21+2l_<Mnd the angle between g and b .
lalle

b

a: (3

]
=

[[+}}
lon

e scalar product to give cos g =

| T

|

BA.BC

cos ABC = ——
‘BAHBC‘ y

If the question gives you three points, you MUST
find the components of the vectors pointing
AWAY from the vertex first!

= -4
2\
©= ces” (i)
O = 72.00°.(R.A)
0= \@o -749.0f
@ = lco.a’

)

)

3

- Cs@= =t
| A

a.b

2 I%242%3 4 2n(-0)

s 24 6~\2

< L.
la\
= Jitazta?

s fil+uaa

by =va =3,

Vauasico

Vya+a *3¢

Vaq
*
=
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Example 18: A is the point (1, 2, 3), B

(6, 5, 4), and C (-1, -2, -6). Calculate ZABC.
(%)
«
(o)

A /\\ ¢ (z
(3) &

Cos® = Q.b

18| tf
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Other Uses of the Scalar Product
For vectorsa, b, and c:

\ a.b=b.a

| [ a.b+c)=
Example 19: |a | =5and |b | =8. Finda .(a+b)

a.a +a.b

)
4 V2
= §3:8% = SxS=!

Tsra|h‘\t°'3°
Sng % CrotS°®
s d4ox_1_

v
s 4
: Z L]

St Andrew's Academy Maths Dept



Higher Maths Notes

St Andrew's Academy Maths Dept

Lesson Starter - 5B1 - Mon 17/9/18

1) If f(x)=2x-16.

Find £(x)

2) Shown below is the graph of y = f(x)

Sketch the graph of y =@f(x +1)

3

('ZJ

A

y

y=fx)

Y= dx-\6
Y416 = dx
o= V6
&
CIoN = 2218/
A .
= Ji.‘)"v +16
"5k
.6,0) = (-6.0) =» (7o
E-z.uz" (-2.9) = (-3,9)
(0.0) > (0/9) = (4:9)
2,0 (20> (1D
(uc)= (a® -» (3,03.

(2) '2)

U.A‘)

v
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Past Paper Example 1: The diagram shows a square-based pyramid of height 8 units. Square OABC has a
side length of 6 units. The coordinates of A and D are (6, 0, 0) and (3, 3, 8). C lies on the y - axis.

a) Write down the coordinates of B.

ﬁk

z D

b) Determine the components of EA and Eé

\4

c) Calculate the size of ZADB.
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Past Paper Example 2:

a) Show that the points A (-7, -8, 1), T (3, 2, 5) and B (18, 17, 11) are collinear and state the ratio in
which T divides AB. =D
== =b-¢t .
AT:=E-2 6 “2“ - /3 ¢
=/ -3 2 a)=[ 2 }
}) - (’.’) 3 :> A
VAL
:/ VO
X-] ' \
“/ a 2 .
.'. 5«\(‘ T6 =—_.- 4% a -r.\sc; Corrmma, Mo
A ‘ft @ e colwes ¢ pornilef

TG6.Tec

= 5P+ 15(

2) + 6(-5)

\Sac -usS - 30 -30.
= |Sx -10S9.

1Sx -105 =0
|Soc= @S

o€ =

¢ (#,00°)

—
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Past Paper Example 3: PQRSTU is a regular hexagon of side 2 units. %_, Q—Rand RS represent the vectors

a, b and c respectively. Find the value of g’(lg+g)

Vo

g.-bra.C
2 4 (-2)

0-b =\al\bixGse
= - lexw

= lnv.—'i

G-C = 2x2 xCcsito
z-2.
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Calculus 1: Differentiation

In the chapter on straight lines, we saw that
the gradient of a line is a measure of how quickly
it increases (or decreases) at a constant rate.

This is easy to see for linear functions, but
what about quadratic, cubic and higher functions?
As these functions produce curved graphs, they do

not increase or decrease at a constant rate.

For a function f(x), the rate of change at any
point on the function can be found by measuring

the gradient of a tangent to the curve at that
point. 0

The rate of change at any point of a function is called the derived function or the derivative.

v

Finding the rate of change of a function at a given point QL el )
is part of a branch of maths known as calculus. OR

For function f(x) or the graph y = f(x), the derivative is dy
written as: dx (“dy by dx”)

Derivative = Rate of Change of the Function = Gradient of the Tangent to the Curve

\ The Derivative of f(x) = ax "

Example 1: Find the derivative of f(x) = x ? To find the derivative of a function:

1. Make sure it’s written in the formy = ax "
2. Multiply by the power
3. Decrease the power by one

(Jc) :6;.@ j:-x.\
Ay _
C'd = XTI

—
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Example 2: f(x) = 2x . Find f’(x ).

This means:

At x = 1, the gradient of the tangent to 2x * =

At x = -2, the gradient of the tangent to 2x 3 =

If f(x) = ax ", then f’(x) = nax ™'

‘ ‘ The DE rivative DE creases the power!

To find the derivative of f(x):

f(x) MUST be written in the form f(x) = ax "
Rewrite to eliminate fractions by using negative indices
Rewrite to eliminate roots by using fractional indices

Example 3: Differentiate the following expressions:

a) f(x) = 6x™°

b) h(p) = 3p”

cy-=-12x3 d) k = -9x°
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| Revision from National 5

Example 4: Write with negative indices: Example 5: Write in index form:
2 1 3
a) 7 b) yw c) e a) Vx by Ix?
-2 ol Yo >

A

LS - _
2 % %x - o¢ = o=

St Andrew's Academy Maths Dept
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Example 6: For each function, find the derivative.

a) f<x>=% s b) g(x)=% s o) p(x):ix (x> 0)
C(’(\-’-‘ix - S(X) _3_x ch)_;-\_
('(x}=-|2x ') “ e -6 oc ™

x) = 1S -1
(ed=2 9 w X pbd= o
2C ' o) = =L oc, (£
q ) = 1S P 2
4o = = |\
o PR )
= = |\
1 R =3
d)y=12x>+3x%-2x +9 e)y= —— (x>0) f)y=(x3—2)2(x20)
“ 3\/;
% = 608 +6x-a v—_ xé_a,x} + 4
iﬁg :6.76(;— |o-l‘)cz
[emm——
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Example 7: Find the rate of change of each function:

x> —6x°

a) f(x)= x2

<

() =§— =

C(,Q = :JC,} - Goc
(‘{{7() = 3361" 6 '

2
b) y= @
x/3

v — o+ Goe+9

Y

v
j=x3+6xv>+clx;’
X Y -s
dy _u 226 > =
de 3E T3x -6=
=43+ & _ ¢
> 3et 3 \(2F
-z =
3 3
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Points to note:

Number terms disappear (e.g. if f(x) = 5, f’(x) = 0)
x - terms leave their coefficient (e.g. if f(x) = 135x, f’(x) = 135)

Give your answer back in the same form as the question

Equation of a Tangent to a Curve

Example 8: Find the equation of the tangent to the curve y = x 2 - 2x - 15 when x = 4.

To find the equation of a tangent to a curve:

¢ Find the point of contact (sub the
value of x into the equation to find y)

e Find d_y
dx

e Find m by substituting x into :_y
x

e Usey-b=m(x-a)
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Example 9:

a) Find the gradient of the tangent to the curve

y =x2-2x? at the point where x = %

b) Find the other point on the curve where the
tangent has the same gradient.
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Example 10: Find the point of contact of the tangent to the curve with equation y = x* + 7x +3 when the
gradient of the tangent is 9.
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Stationary Points and their Nature

Any point on a curve where the tangent is horizontal (i.e. the gradient or Z—y= 0) is commonly known as
x

a stationary point. There are four types of stationary point:

4
f(x)

A
f(x)

A

fxyt

Minimum
Turning Point

Maximum
Turning Point

Rising
Point of Inflection

Falling
Point of Inflection

To locate the position of stationary points, we find the derivative, make it equal zero, and solve for x. To

determine their type (or nature), we must use a nature table.
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Example 11: Find the stationary points of the curve y = 2x*- 12x? + 18x and determine their nature.
9—2 = ze"ou"’c Ve,

le_ dloec ¥\ =0 |

6(3&— L 4 33 o = i

6 (x-DCx-0) = O

o b “ x=3,x=!
DC\">\_>3—> = V\}v\e/\sc—o
dz|+o- o7 - 6() -au() rig

O‘” =\

sl 0D b e

do ; g(2)-ula)\e

SP's occwr then

oc= = - U \
hen 2¢ 2 2 -1 a(3) +18(z) L A as
\3_ o (/J'\en.x 4
Lo 6(0)™ 2ulu)+'8
- - 13
hen 22 tlﬁzazm () + 80D
SE Moxte@ (1, 8)
MantP@ ((3,0)
—

75



Higher Maths Notes

St Andrew's Academy Maths Dept

Increasing & Decreasing Functions

For any curve,

If a function is always increasing (or decreasing), it is said to be strictly increasing (or decreasing).

Example 12: State whether the function
f(x) =x3-x?-5x+2 isincreasing, decreasing or

stationary when: € |(’) - 3&1‘3-2"6

a) x=0
b) x=1
c) x=2

A

y
if ﬂ> 0, theny is increasing

if ﬂ< 0, then y is decreasing
ax

if i= 0, theny is stationary
ax

o

€'(0) = 3(a) -2 -5
= -S.

Decreosi,.

Q') = 3(V-20)-S
el

De.Cltoe Lo B

€3 =3(2)-A6)-S
L la—u -5
= 3
(Acressvs,

Example 13: Show algebraically that the function
f(x) = x> - 6x?+12x - 5 is never decreasing.
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Example 14: Find the intervals in which the function f(x) = 2x * - 6x 2 + 5 is increasing and decreasing.
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Curve Sketching

To accurately sketch and annotate the curve
obtained from a function, we must consider:

Example 15: Sketch and annotate fully y = x3(4 -

Curve cohd 2C-oxs When

DC}<L‘”<> = O

1. x-andy - intercepts
2. Stationary points and their nature

X)

U:o’ @
x>:o, L->x=0

o¢ = O, DC-_:’_L\

cuve cus U:Oms Le~dc= O
\O = O}(L\"o

v ==
b = DC} (L“”)

N G
9= boe =2

gé H \abo’(-"-&x}
dx

6("5 ocey Lden Ao e}

<
lgocl—bpcst Q
ux"('} _>c> =O
U 2O, 3-2¢=0
ez O, = 3

e

—
—

(,J/\e/\ oc=0
o

Y =
D:

> (u-o)

¢ 3,9.1)

O ®_ 6
x|l=>0—=> 33—
%‘(;% + 0 +~Oo —
e =D

(/Jf\qfsocr--\ 2 \}
Ao N —ul
o< = 1A+

= \ &

(,Jl\e/\.)c.:ol

ds . ORTION
=(Z (%) = 4(3)
=49 ~->d2
=16

b\)‘«w\:;;: Ll»z X

N

%$l1<q)— L((L‘)

= 1GA - AS6E

= ’,_6_“'

3 ‘;903(“”‘)

———

78



Higher Maths Notes

St Andrew's Academy Maths Dept

Closed Intervals

Sometimes, we may only be interested in a small section of the curve of a function. To find the
maximum and minimum values of a function in a given interval, we find stationary points as normal, but
we also need to consider the value of the function at the ends of the interval.

Example 16: Find the greatest and least values of y = x> - 12x in the interval -3 < x < 1.

A
y

v

Note: In a closed interval. The maximum and minimum values of a function occur either at a
Stationary Point within the interval or at the end point of the interval.
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Graph of the Derived Function |

4
A
i
A
4
° 4

From the graph of y = f(x), we can obtain the graph
of y = f’(x) by considering its stationary points. On
the graph of y = f’(x), the y-coordinate comes from
the derivative of y = f(x).

1. Draw a set of axes directly under a copy of y =
f(x).

2. Locate the stationary points.

3. At SP’s, f’(x) = 0, so the y coordinate of f’(x) =0
on the new graph.

4. Where f(x) is increasing, f’(x) is above the x - axis.

5. Where f(x) is decreasing, f’(x) is below the x -
axis.

6. Draw a smooth curve which fits this information.
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Example 17: For the graphs below. Sketch the corresponding derived graphs of y = f’(x)

a)

4
y

A

y = f(x)

\4

v
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b)

y = f(x)

y

v

v
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<

)/)

v

v
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\ Differentiating sinx & cosx

Let f(x) = sinx and g(x) = cosx. The graphs of y = f(x) and y = g(x) are shown below, where the x-axis is
measured in radians. Tangents to each curve have been drawn at the following points:

On vy = sinx, the tangent at x = 0 has m = 1, and the tangent at x = Tt has m = -1.

On y = cosx, the tangent at x = % has m = -1, and the tangent at x = 37” has m=1.

Draw the graphs of y = f’(x) and y = g’(x) below.

o @t ©
- - me = ==

-t

The graphs of the derived functions therefore show that:

Ify=sinx,ﬂ=C°5x Ify=cosx,d—y=—3|l\=<‘.
dx dx
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Example 18: Find the derivative in each case:

a) y = 4sinx

dy - 4esc

b) f(x ) = 2cosx

Qlee) = Tols~e

c)g(x)= —%cosx

3'6

9= yoves

d) h = -5sink
ah __ k
Ie © Sos
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Past Paper Example 1: A curve has equation y = x * - 4x 3 + 3. Find the position and nature of its
stationary points. > t
VP 4Y - lx”-13x

5P's W%’ = 0.

U=\ = ©
b (e -3) = O
bx 2O, 5c-3= O
x=o, x=3,

When < = O, Y o - h(eﬁb—*l Co.'a)
9v=> S
(Merse = 3 = 3"-14(33 ) (.3,—.2(.)
9= -3U
axc=-1 2 x| so0>2 >
d . -~ "'2(’“ d _ _ —_—
& f'f,),n e |—o-o+
'-'"" Shope [ ' — \_
ihen x = 3 2
Ao, u(y-20)
&‘% = -t _\:oJ.l'—:’ PL € Ccl3>
= - Mv\‘\‘"e (3|_'?“‘)
(nbenxc= Y
g»’t-— (@ -2 -
= 88 - 122
256
= Gl
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Past Paper Example 2: Find the equation of the two tangents to the curve y = 2x 3 - 3x 2 - 12x + 20
which are parallel to the line 48x - 2y = 5.

o = LB +S
g: BLDC"'% .
O . Gx - 6 -\
> G — Gx - \A=324%
6x—Gx —.36=-Ox__>
Q(xz—)c- 6) O =2

6 (x> XC4) = O
x=3,2X=-2

— —_— 2
Whenoe =, Y= 2(2)—3(5) OIS
J= S4—a#>e+30

=0 LR
When =<2, = a(-2) - (-))-1aC)A2O
Y= =16~ 12 +24430
\j-.-. G C—ZJG)

Yo b= m@x-D |Y-e=aut®
9 — 1l = 26 (- 3) | FHG=ax +48
V—\\= Al -2 ‘j"—'-a((.x—t-GL(

‘_M//x_—f\ /
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Past Paper Example 3: A function is defined on the domain 0 < x < 3 by f(x) = x*> - 2x* - 4x + 6.

Determine the maximum and minimum values of f.
wherc=0, Y= - a(H-uld+6
okl G
Whense=3, = g ETORIORL=
g - 2?- \S-\d +6
\‘j: >

do_ 32 nx -4

P

Whene=d, y= 2>~ 2GY 4 (B) + 6
Y3 —¥ -8 +6&
-2

=
-

Mox Vokue = 6 Lhan Oc=O

MNMA Vol = =2 Lden oc= o .
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The Circle

If we draw, suitable to relative axes, a circle, radius r, centred on the origin, then the distance from
the centre of any point P (x, y) could be determined to be d=1/x*+y*.

As the shape is a circle, then this distance is equal to the radius. It
v therefore follows that:

Since r=yx>+y?, then r2 —=x? 4+y?

Therefore,

The equation x% + y 2 = r2 describes a circle
with centre (0, 0) and radius r

Example 1: Write down the centre and radius of each circle.

a)x?+y’=64 b) x%+y? =361 c)x2+yz=%
(o) ©0.9) OO = o
=% r:\\;:a%\ r=\2s 5.
¢ =\,

Example 2: State where the points (-2, 7), (6, -8) and (5, 9) lie in relation to the circle x% + y2 = 100.

(-2 F?) (Gt*) \ 5, ob

x4 9yt= OO xz*j:" 0S| xtey = Q9
)+ 7 6 469 ST+ =
g =36 404
= 4a 49 =\ as sl
= SS L. sv\(e oL = e = \06

J. 8@ 53 100 G, Dleso~ | . Snce \0qe7 OO
(2Dlesnaoe | by crde (5 Q) s ot
ve Cude . !
Hede .
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Circles with Centres Not at the Origin

The radius in the above circle is the distance between (x , y ) and
the origin, i.e. r=4/(x-0)* +(y-0)? . If we move the centre to the

point (a, b), then r=,/(x-a)?+(y-b)* .

Squaring both sides, we can now also say that:

The equation (x - a)2 + (y - b) 2 = r 2 describes a circle with
centre (a, b) and radius r

Example 3: Write down the centre and radius of each circle.

a) (x-1)*+(y+3)*=4 b) (x+9)*+(y-2)*=20

P(x, )

c) (x-5)2+y?=400
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Example 4: A is the point (4, 9) and B is the point (-2, 1).

Find the equation of the circle for which AB is the diameter.
M?‘B (LM (") Qi ;5 d- \!Q—ssi-r (u-»?
T K (]
o RET W@ s

Fodws= S (,x ) 4(}9-5) =5

Example 5: Points P, Q and R have coordinates (-10, 2), (5, 7) and (6, 4) respectively.

a) Show thattrian% PQR is right angled at Q. b) Hence find the equation of the circle passing
e, (-\O, through points P, Q and R.
B a6
@ R(6U 3

’6=:—<t é;: e- Mee = (.23\

) - ~s o= \I@-“) (-2 ’ét
_‘:_;-‘ " 34 d=~ V1 2606
Qe.GP d= Jes rodw:Jeés
s =1 \s
> os_: - (ocadda ( y-D = 6S

. e W@W /
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The General Equation of a Circle

For the circle described in Example 3a, we could expand the brackets and simplify to obtain the
equation x2 + y?- 2x + 6y + 6 = 0, which would also describe a circle with centre (1, -3) and radius 2.

Forx2+y?+2gx+2fy+c =0,
(x?+2gx) + (y?+2fy) =-c
(x*+2gx+g) + (y?+2fy+f?) =g*+f2-c

Therefore, the circle described by

x2+y?+2gx+2fy+c=0

(x+gP+(y+f)? =(g2+f?-0) has centre (-g, -f ) and r = yg* +£* —c

Example 6: Find the centre and radius of the
circle with equation x2 +y2-4x+8y-5=0

Ceakee <9\ . L‘f\

FaQus = \J TS
-Jas

Example 7: State why the equation
C@(\t( e <Z k L>

- m(”%
= J-7

SN e \LJe Cak )Y -

x*+y?-4x -4y +15 =0 does not represent a circle.

92



Higher Maths Notes

St Andrew's Academy Maths Dept

Example 8: State the range of values of ¢ such Example 9: Find the equation of the circle concentric
that the equation x2 + y2- 4x + 6@ 0 with x2 + yZ+ 6x - 2y - 54 = 0 but with radius half its
describes a circle. size.

(eakee < A .’33

o Jua<c

- — \ 3> - C
- 7 O C@th(*B‘B
e >@\S CoJdariesy
C < \S (1\56\
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Intersection of Lines and Circles

As with parabolas, there are three possibilities when a line and a circle come into contact, and we
can examine the roots of a rearranged quadratic equation to determine which has occurred. However:

We CANNOT make the circle and line equations equal to each other: the line equation must be
substituted INTO the circle equation to obtain our quadratic equation!

>
'

X

A
y

>
>

X

A
y

v

Two points of contact
2 distinct roots
b?-4ac >0

One point of contact
Equal roots
b%-4ac=0

No points of contact
No real roots
b2%-4ac<0

As with parabolas, the most common use of this technique is to show tangency.
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Example 10: Find the coordinates of the points of intersection of the line
and the circle x2 +y?-2x - 12y + 27 = 0. w O - \3'

5e2y (e )E- asc—1a(aeDya? =0 |

)CL* U)CZ’/ Loct V' — A>c - Aloc 1437 =0

S5 - 130> U0 = O

_ _ °<c -4
S (JCL~ Goc ’r%) = O 5 4 WXT/L/(
Sl oo ST
ocz G >c - U
) L2 D). D -
Example 11: Show that the line y s a tangent to the c1rclex2+7y2—8x—4y—20=0

and establish the coordinates of the point of comtact

Vol g e~ =

v

St (sm\g\{_ Boc _L(3x4e) 20 =09 = A ()|

- 3.
\Iz&qu& 4+ GO OO —Kx — 1dx -LO -20 :Q\ﬁ

| O™ «uoo@(\osig
0 vux 1)< Q =
W () <O
Snee QC‘\MSL(‘OOCS/ W\Sc\togbx %C
’d{C\r&Q .
x=- L
L\LQ/\X :/?1 \j:BQ/b,—k \Q

PR G A
_—
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Example 12: Find the equations of the tangents to the
circle
x2+y? =9 from the point (0, 5).

‘\

9=2
IL/\ <f~/p¢f5> - q

MLQC-LJP[OM)C)(Q\S: O\

>

/

X

A
vy
Q
O

4"

S
x 4
P S COE S T < a=
* -O.
(w\@eﬂcj LMo Y - Lac bi
IZ<PYML) FLO Mo Ko =9 C =

QC)@R -(_f(\)(m% =0 .

OO — & ~ Cumm =

26~ =S
- N
30 .
M:% Qﬂ
—\ 26
Mot D
S
M:A;/LL
3.
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| Tangents to Circles at Given Points

Remember: at the point of contact, the radius and tangent meet at 90° (i.e., they are perpendicular).

Find the centre of the circle
Find the gradient of the radius
. (joining C and the given point)
To fmq a tang_en't ata e Find the gradient of the tangent (flip
given point: :
and make negative)
e Sub the gradient and the original P
pointintoy - b =m (x - a)

Example 13: Find the equation of the tangent to x2 + y? - 14x + 6y - 87 = 0 at the point (-2, 5).
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Past Paper Example 1: A circle has centre C (-2, 3) and passes
through point P (1, 6).

a) Find the equation of the circle.

b) PQ is a diameter of the circle. Find the equation of the tangent
to this circle at Q.

C(-2, 3)

P(1, 6)

QN
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Past Paper Example 2:

a) Show that the line with equation y = 3 - x is a tangent to the circle with equation
X+yr+14x+4y-19=0
and state the coordinates of P, the point of contact.

b) Relative to a suitable set of coordinate axes, the
diagram opposite shows the circle from a) and a
second smaller circle with centre C.

The line y = 3 - x is a common tangent at the point P.

The radius of the larger circle is three times the
radius of the smaller circle.

Find the equation of the smaller circle.
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Past Paper Example 3: Given that the equation
x2+y?-2px-4py+3p+2=0

represents a circle, determine the range of values of p.

St Andrew's Academy Maths Dept 100
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Past Paper Example 4: Circle P has equation x* + y> —8x —10y +9 = 0. Circle Q has centre (-2, -1) and
radius 24/2 .

a) i) Show that the radius of circle P is 42.
ii) Hence show that circles P and Q touch.

b) Find the equation of the tangent to circle Q at the point (-4, 1)

St Andrew's Academy Maths Dept 101
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| Quadratic Functions

[ Finding the Equation of a Quadratic Function From Its Graph: y = k(x - a)(x - b)

If the graph of a quadratic function has roots at x = -1
and x = 5, a reasonable guess at its equation would be
y=x2-4x-5,i.e. fromy= (x+1)(x-5).

However, as the diagram shows, there are many
parabolas which pass through these points, all of which
belong to the family of functions y = k (x + 1) (x - 5).

To find the equation of the original function, we need
the roots and one other point on the curve (to allow us to
determine the value of k).

Example 1: State the equation of the graph belgw in the form y = ax2 + bx + c .

Y= ke (e-a) (et - )
\

A

v = 2 (x-}CX'%)

Mnenoc=< 49~ 6
=R (o_\\(o-'s)

G = h.(“)c's 1
- N
e g NYPYCAY)

>

Y= 2 (3¢ =t )
Yz e -5x¥ 6

9=(2=-3Y =)

V= dx'-ax -6ac A&
V= RAxt-Fa +6.
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| Completing the Square (Revision)

The diagram shows the graphs of two quadratic functions.

If the graph of y = x? is shifted g units to the right,
followed by r units up, then the graph of y = (x - q) >+ r is
obtained.

As the turning point of v = x?is (0, 0), it follows that the
new curve has a turning point at (q , r).

A quadratic equation written asy = p (x - q) 2+ r is said
to be in the completed square form.

©,0) Pg

Example 2: (i) Write the following in the form y = (x + @) 2 + r and find the minimum value of y.

(i) Hence state the minimum value of y and the corresponding value of x .

a)y=x2+6x+10 b)y=x%-3x+1
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| Completing the Square when the x* Coefficient = 1

Example 3: Write y = 3x2 + 12x + 5 in the form Example 4: Write y =5 + 12x - x? in the form
y=plx+q)*+r. y=p-(x+q?

‘2:_-?1:\_3‘;3 fs
v__ - (x_631¥5'+36
ge- (=27
3"— Ll — (x'é
/
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Example 5:
a) Write y = x2 - 10x + 28 in the form
y=(x+p)’+q.

\j: (x
9= =

T
-s) +4%-3S
531--!- >

b) Hence find the maximum value of 18

13
(-2 3

Whersx= S
\ ]
(_s-s}tﬂ-}
= \'S
2
= 6.
Mox vowme 2 & (xS

——

x*-10x + 28
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Solving Quadratic Equations via Completing the Square

Quadratic equations which do not easily factorise can be solved in two ways: (i) completing the
square, or (ii) using the quadratic formula. In fact, both methods are essentially the same, as the
quadratic formula is obtained by solving v = ax? + bx + ¢ via completing the square.

Example 6: State the exact values of the roots of the equation 2x2 - 4x + 1 = 0 by:
a) using the quadratic formula b) completing the square

- = -b* (b*-tac =d &(:x"-?ac) +\

a
A g:-t\a al(x-‘i_t-‘\ -2
€ = - (‘il) o \R—us\_l.nczv\ ol (x-b -\ = O _

A= &(x—ﬁza |

o
o

“ x—\="_‘\l-l'
X = u+Vs u-V% \ =
r» ' G x=t? +\

St Andrew's Academy Maths Dept
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| Solving Quadratic Inequations |

Quadratic inequations are easily solved by making a sketch of the equivalent quadratic function, and
determining the regions above or below the x - axis.

Example 7: Find the values of x for which: a)2x%?-7x+6>0 b)2x*-7x+6<0

[ First, sketchy = 2x*-7x + 6 |

2x -1
t_2xsC ::_j.y

(Foe-D)(e-3) = ©

=2 o332
sc= 2 >z

A

—
1

x<eF d X 7. 0
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Roots of Quadratic Equations and The Discriminant (Revision)

For y = ax? + bx + ¢, b? - 4ac is known as
the discriminant.

e b?-4ac > 0 gives real, unequal roots
e bZ-4ac = 0 gives real, equal roots
e b?-4ac < 0 gives NO real roots

If b% - 4ac gives a perfect square, the roots are RATIONAL
If b2 - 4ac does NOT give a perfect square, the roots are IRRATIONAL (i.e. surds)

Example 8: Determine the nature of the roots of

the equation 4x(x - 3) =9

Example 9: Find the value(s) of p given that
2x2% + 4x + p = 0 has real roots.
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Example 10: Find the value(s) of r given that x + (r - 3)x + r =0 has no real roots.

St Andrew's Academy Maths Dept 109
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Tangents to Curves: Using the Discriminant

To find the points of contact between a line and a curve, we make the curve and line equations

equal (i.e. make y = y) to obtain a quadratic equation, and solve to find the x-coordinates.

By finding the discriminant of this quadratic equation, we can work out how many points of contact

there are between the line and the curve. There are 3 options:

A

\

oy

7

X

A

Y

1

\ /.
1\

Two points of contact
2 distinct roots
b2-4ac >0

One point of contact
Equal roots
b2-4ac=0

No points of contact
No real roots
b?-4ac<0

The most common use for this technique is to show that a line is a tangent to a curve

Example 11: Show that the line y = 3x - 13 is a tangent to the curve y = x2 - 7x +12, and find the

coordinates of the point of contact.
V=D
=T 4\Q = Do \D
x< -
2 T-\05c*25=0, < -5

(,pc—S) % = O

+ Since We hore equoktacty | Lretsa tvz/\(? .

0= 2 | b (5.9)

a——
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V=Y.
xz_\_a,c _5:"’\3€'7

Example 12: Find two values of m such that y = mx - 7 is a tangent to y = xt+2x -3

x"_;_;;c_lvnc A2L=0,
_L4eac = O
encry SCO/S e L

xz_\-accav'"‘b *u=0

(a_,“)z-—bthu = O

U - bmrdmt-16=0

Cong

NG P
s
T3

M —6
ML—L\M—\Z=O Mm 2

e D =O

=G, M:"_-Z
e -_

St Andrew's Academy Maths Dept

111



Higher Maths Notes

St Andrew's Academy Maths Dept

Past Paper Example 1: Express 2x* + 12x + 1 in the form a(x + b)* + c.
(e reg) +
= Q (x-\-?,} +1-\'$8
3
= (x +'b) -3
—_—

Past Paper Example 2: Given that 2x* + px + p + 6 = 0 has no real roots, find the range of values for p.

No real. fo(s then b - Lrac <O

pz— U>3 x(p+6) < O o= &
2 b= f
P —%P-43B<O c=p+6.
¢ —L4 P < VL [ p2-8p-u8=0

P2
I
R>p7 -y | (A= o

pId, P2t
P>-¢
4<9.
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Past Paper Example 3: Show that the roots of (k - 2)x% - 3kx + 2k =-2x are always real.

Reok foots occl~ Wnen L -lLec 7 O .
Ln—ébxz— 3hc +3x vk = O
< g ‘:—O
()% +oc(301%) +ak P

(3-3%) - A CORNIE

2 = k&
L -t AE B HI6R
Roragrn R S
(h® y = a--2ab X o |
. Snce C\‘U:BB 7/0 Qd‘ojkk‘&l
\‘ootsoto.\,mjs%k.

==
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Calculus 2: Integration

The reverse process to differentiation is known as integration.

| Differentiation |
/\
f(x) | | ' (x) |
-—
| Integration |

As it is the opposite of finding the derivative, the function obtained by integration is sometimes
called the anti-derivative, but is more commonly known as the integral, and is given the sign J‘ :

If f(x) = x", then andX is “the integral of x" with respect to x ”

Decrease the
power by 1

Multiply by
the old
power

IN tegration IN creases the power!

1 N 2
In general: Iax"dx = +C (n=-1) 5 1. Write as ax
+

. Increase the power by 1
3. Divide by the new power
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Example 1: Find (remember “+C”):
a) IZxdx

2
ax 4 C

b) j 4t dt

>
= 4t ac

n
\n
X
o

V)
}
N

o | (3x5é4)dx

2
2, ok Y
jbv --.SJ 0‘:3
“iy s
= f—:j— - 33 4 C
5 X
o S LAY
= .3D .3_ qJ +
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| The Definite Integral

A definite integral of a function is the difference between the integrals of f(x ) at two values of x .
Suppose we integrate f(x ) and get F(x ). Then the integral of f(x ) when x = a would be F(a), and the
integral when x = b would be F(b).

The definite integral of f(x ), with respect to x , between a and b, is written as:

j'f(x)dx =F(b)-F(a) (where b > a)

For example, the integral of f(x ) = 2x 2 - 4 between the values x = -3 and x = 5 is written as
5
L}(ZX2 —4)dx and reads “the integral from -3 to 5 of 2x ? - 4 with respect to x ”.

Note: definite integrals do NOT include the constant of integration!

[ £(x) =[F(b) +C] - [F(2) +C] = F(b)-F(a)

3 To find a definite integral:
Example 2: Evaluate I (2x-1)dx
- 2 e prepare the function for integration
r A e integrate as normal, but write inside square
=|Re - oc b brackets with the limits to the right
Y @ [* sub each limit into the integral, and subtract
3 =\ /\) the integral with the lower limit from the one
= E_,‘.‘ - ]_\ with the higher limit

=4
-
Example 3: Evaluate j:(p+1)(p—1) p Example 4: Evaluate jl 3(x2 -2x)d>‘(r_>
2 > (N
p—1|de - _x

¢ )3 ) [’q
-] o )

_ =333 -[-%
2 2->-[%
3 = _3_(3_5 _\_2;
2 3 3.
J2>-3+—’—‘:,;

) ‘—\IS"';—-
3.

I

_—

w\ OVJ
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Example 5: Find the value of g such that I (6x+5)dx = 6.

[ex *s;]

[33 * ij_z
[357+59) - [‘3("72*“")3 -6
3g° ¥ S - Dz-\o:\ Gn ExaLl
3s

30° +Sq-8:=C, . (@]
9 9 -—-os =
(33-\5)(5" =

s=.i‘ 3=|
6?§d4 3,:'—‘
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| Area Between a Curve and the x - axis. |

In the diagram opposite, the area of the shaded section
4 can be obtained by finding the area under the graph from O
to b, and subtracting the area from O to a.

The value of each of these areas can be determined by
integrating the function and substituting b or a respectively.

y =f(x)

The area enclosed by the curve y = f(x), the lines

y = a, y = b and the x - axis is equal to the definite
integral of f(x) between a and b

v

0 a b X

b
i.e. Area = L f(x) dx

Example 6: For each graph below, (i) write down the integrals which describe the shaded regions
(ii) calculate the area of the shaded region

a) N b) 4
y

N

v

y=x%2-9

NOTE: Example 6b shows that areas UNDER the x - axis give NEGATIVE values!
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Example 7:
a) Evaluate _[:(Zx—b)dx b) (i) Sketch below the area described by the
integral j:(2x—6)dx-
A
y
(0] X=

The answers for 5a and 5b do not match! This is because the area below the axis and the area above
cancel each other out (as in 4b, areas below the x - axis give negative values).

St Andrew's Academy Maths Dept 119
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To find the area between a curve and the x-axis:

1. Determine the limits which describe the sections above and below the axis
2. Calculate areas separately
3. Find the total, IGNORING THE NEGATIVE VALUE OF THE SECTION BELOW THE AXIS.

Example 8: Determine the area of the regions bounded by the
curvey = x2 - 4x + 3 and the x - and y - axes. T

y=x’-4x+3
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Example 9: Write down the integrals used to determine the areas shown below:

a)

b)
A
y y=2x%-3

c)
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Example 10: Find the area enclosed between the curve y = x * - x 2 - 5x and the liney = x
V=39
x -x .-$=c = OC
oc -.x -6x=0 o -3

oe (x—s) (xn) =S
xes0,5€323, X=-2

® ox_; x-Sx — > dxr @ S x- (:C _ ¢ —Sa)dox

L-x_:; 4 A4S dx

.x—x 6x I

u > ~ = - 4" dx
[z -x _éx Séx
& 3 - J-2

-
S
I
ule
o
e
N
.r\x#
‘N\xv
o

4L
= 5% = a+- % +4-0
< Aa = Sf‘i\h\%’“ - \S:t
/—__— ﬂ@:\SSIQ(MtE
Ar=S% 1Sy
= A\tzumbt™
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| Py Differential Equations \

know the ~derivativ¢ of a function (e.27F"'(xf= 6x* - 3), i for the
original functiol integration. This is call differenfial equagi i e fungltion in terms
of\x C (which we can\then uate if we ha¥e a i
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9X +1
Past Paper Example 1: Evaluate L —dx

Vx

q x4l
):Td"‘

x©
q x‘ 4+ (

= ‘ x‘lz ):\h- dx
q '”1.

- x'h. 3 = dx
\ Qq

Dl Y~

= o & 4+ XX
Sl A,
2 S o'zx‘_l?' Q

- . 4

(22 !
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Past Paper Example 2: Find area enclosed between 4
the curvesy=1+10x-2x2andy =1+ 5x- x % 4 y=1+10x- 2x?2

y=1+5x—x2

| +10¢-3x = (+Sac->" /[ 5\
n o}f—(l+59r.—x1.'>d=c

z—} -}
335 -25¢ = S
(25
[~ = 125 Uﬂ\t'S\
<
/~
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Past Paper Example 3: The parabola shown in the
diagram has equation

y=32-2x2
The shaded area lies between the lines y = 14 and y = 24

Calculate the shaded area.

\ocﬁt
3-doe = 1 “w
Qx": (%
.I:L: q , } .
x=t>. ’}aﬁ(t”‘
=Y 3
2-ax'= AN 32-9x -l dx
2 -3 >
ax.f% ~ 3.;Lx-a__z_"’_\u:L
™= Y S a3
xTt, '-'{I%x-}"—} >
ST § e -2D
_E%(g 2 3]_&8 3
= ?a\lﬁ‘bl
Sz 32-2 - A4 dx
-2
= 51 %’szdx
-2 Az
= i%ac-aoc
. L d
= [8(1.)—5@ B-E(‘b’aﬂ}
S
= Eé _\G:}__E\6 '\'.\i_}
= 16— e -\s
16 S-H 3
=32 . %
= %dmﬁz
At= A -G—%
3%\6\\(‘5—1
/
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Polynomials

A polynomial is an expression with terms of the form ax ", where n is a whole number.
For example, 5p* - 3p® is a polynomial, but 3p " or %/,tT2 are not.

The degree of a polynomial is its highest power, e.g. the polynomial above has a degree of 4.

The number part of each term is called its coefficient, e.g. the coefficients of p*, p® and p above are 5, -
3 and 0 (as there is no p term!) respectively (note that 5p* would also be a polynomial on its own, with
coefficients of zero for all other powers of p).

| Evaluating Polynomials |

An easy way to find out the value of a polynomial function is by using a nested table.
Example 1: Evaluate f(4) for f(x) = 2x* - 3x®- 10x2 - 5x + 7.

4 ‘ 2 -3 -10 -5 7 « Line up coefficients
| = 20 4D 10
| 2= 10 35047

Example 2: Evaluate f(-1) for f(x) = 3x° - 2x3 + 4.

-1 3 0 2 0 g g Missing powers have
| ~3L 'g 3‘ ": : 3 coefficients of zero!
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Synthetic Division

Dividing 67 by 9 gives an answer of “7 remainder 4”. We can write this in two ways:
67 + 9 =7 remainder 4 OR 9x7+4=67

For this problem, 9 is the divisor, 7 is the quotient, and 4 is the remainder (note that if we were
dividing 63 by 9, the remainder would be zero, since 9 is a factor of 63).

Example 3:
a) Remove brackets and simplify: b) Evaluate f(3) for f(x) = x > + 6x 2 - 39x + 47
(x-3)(x2+9x - 12) + 11 @ \ 6 -39 a7
x(xzd-‘bc- @) '3(x Yaz-2) 4
[
2 O 1doc - B =72 136411 d, s 2% c
3 2 =
a4 6x -3%>c+ LT G a !
-
(evandeC
This shows that: x3+6x2-39x+47=(x-3)(x2+9x-12) + 11
OR

(x3+6x2-39x +47) = (x-3) = (x 2+ 9x - 12) remainder 11

=
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Example 4: Find the remainder on dividing w Example 5: Write 4p* + 2p3 - 6p%+3 = (2p - 1) in

x3-x2-x+5by (x+5). (-e_“"’\ﬁ

the form (ap - b) Q(p) + R

L\ 2 -6 O >

\l/z 2 -2 -

Quotient . = x=Gxdi T g S1e2)

(xz_ 6;543:5(3(.45) -\4LO
- xb_xl—‘x *S

e

(p-4)(4psup™-up-d) +2

— 2
(2p-) (26427 -2-D 2

—
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Remainder Theorem and Factor Theorem

Considered together, these two theorems allow us to factorise algebraic functions (remember that a
factor is a number or term which divides exactly into another, leaving no remainder).

If polynomial f(x) is divided by (x - h), then
the remainder is f(h)

On division of polynomial f(x) by (x - h),
if f(h) = 0, then (x - h) is a factor of f(x)

In other words, if the result of synthetic division on a polynomial by h is zero, then h is a root of the
polynomial, and (x - h) is a factor of it.

Example 6: f(x) = 2x> - 9x% + x + 12,
a) Show that (x - 4) if a factor of f(x).
G4 |2 - v V2
vV g -u -2
ST =3 [6—
J.Snce =0 (o¢c-u)'S
o (Gcbor .

b) Hence factorise f(x) fully.
Coe- a)(,’lxz—-‘x- '-'>> =7
(-6 Qo= 3)(oc41)

/,

Example 7: Factorise fully 3x3 + 2x* - 12x - 8.

\:';2.—\'2—%

3 g—?
R =

32 -\2 —-S

«

-2\13 2 -2 -8
-6 8 <

T3 —u -4l .

3x 2

(x+a)(3xz— boc-YUlx _o
EINETHEDD)
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Example 8: Find the value of k for which (x + 3) is a factor of x> - 3x? + kx + 6
} b3\ g ~Se-

Since (4D \s okecor
-3r-0%=0.
R = -\16
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Example 9: Find the values of a and b if (x - 3) and (x + 5) are both factors of x>+ ax? + bx - 15
3|V & b -\S

3 Gi3a 27+e+3b
| 3+q O43cto | 1A +Gas Do,

Snce (x-S o-fecbo~ \2+Axtdb = O,
SV & b 'S

-5 2%5-Sa JASa-sb-12s

"\ a-S as-Sotb Bsbk -Sb?qo,
Swnce C.xi-s) 1S Qa.cev -

ASo -Sb-1uo =0

QQJ.%:-_'z. xS
asa _Sb = |Lto. "3

uSo 4 \'sb =—60 pgalk

FSo. -\Sb =480 — -
|\ 8O- = 360

cu = S 6'

han a=3, us(>)Aisb =-60

\g(s}lsb="'6°
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Solving Polynomial Equations

Polynomial equations are solved in exactly the same way as we solve quadratic equations: make the
right hand side equal to zero, factorise, and solve to find the roots.

Example 10: The graph of the function y = x* - 7x%+ 7x + 15 is shown.
Find the coordinates of points A, B and C.

A CuNf—s C"t DC_-GX\b(n‘W\ U = O
y=x3-7x2+7x+15

_xf_'.'}xz'q-'?x S =CO .
V-3 7 \S
/\ 3\\1’ 3 - ~8
/A e T Sl -
S x S
(x-—::Xac.—lsx—S) =Oqx
l ’,5 (x_.})(x-ﬁ&,\-\) =0
3,5 x=3,x=S, x=-\
-\,1S
"3,’5

v
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| Finding a Function from its Graph |

This uses exactly the same system as that for quadratic graphs, but with more brackets (see page 19).

| Remember: tangents to the x - axis have repeated roots! |

Example 11: Find an expression for cubic function f(x).

J y = ) 9= h(x_Q(x-b)CJc—%

Y= R (,;a-a.) (- s) CX.-SB

/\ mesa im-’-s

/.2 5 X S= VL(O.\-Z)(O’S) CO"S)
S - SOR

k=L

ge e (e D -9)”
/
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Sketching Polynomial Functions |

Example 12: a) Find the x - and y - intercepts of the graph of y = x * - 6x3 + 13x% - {2x + 4.
Cuve cdbx-oxlshﬁen O, .;E‘P‘(- S4B -2k = O,

2(r -6 -tz (D) 27 Loc 45%1) 29, x -2
(x-‘b(-x-—?%xz-g"“ =Cx -
—_— - - - =4 = O
EEEE GRletiedeC 56y
\ \|—u s -2 (o.u)

2 -% 0 ~u

1\ -3 2
i =3 2 e
b) Find the position and nature of the stationary points of y = x * - 6x3 + 13x2- 12x + 4.
% - bx-s—\%xt-\-D.Gx - .
sP's LWan Ed"—" =0
>
Loe = \Boc T+ 263 -12=O

G -\8 26 -\2  (oc-v) ez O
d’ L -1 ‘2 Z(x-b(bcl-g'-? ‘\‘Gg =0 2
| 2 (oD (@x-3) (c-2) = O

G 4 2 (e C.:c-.-\.x'*%- x=2 .

) S 1555 5% 3 Maee(1,0)

o2 -0 ~Xy0-0+ 4(1.0)

De "
- *TF@ < 2 T‘E>
Shpe| \ -/ \_/ '
¢) Hence, sketch and annotat\epthe graph of y = x *- 6x3 + 13x% - 12x + 4.
(¥
€ &)
(=]
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Trigonometry: Addition Formulae and Equations

| What you must know from National 5!!!

Sine Graph Cosine Graph
"N y4
1 1
y = sinx® y = cosx®
0 90 130 270 360 ;( 0 9 180 0 360 =X
-1 -1

We can use the above graphs to find the values of:

sin0°=0 cos0° =1
sin90° =1 cos90°=0
sin180°=0 cos180° = -1
sin270° = -1 c0s270°=0
sin360°=0 cos360° =1
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We can use these graphs to solve the following:

sinx°=0 sinx°=-1 sinx°=1
(0 < x <360) (0<x<360) (0<x <360)
x =0°,180°,360° X =270° x =90°
cosx°=0 cosx°=-1 cosx°=-1
(Osxs360) (03)(3360) (Osxs360)
x =90°,270° x =270° x =0°,360°
90°
sin + Al + Remember , this means that:
sin 160° would be +
180° 0° cos 200° would be -
360°
tan 200° would be +
tan + cos +
sin 320° would be -
and so on...
270°
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Related Angles

This diagram can be used to find families of
related angles.

Higher Maths Notes

90°

180 - x X
For example, for x = 30°.
The family of related angles would be:
30°, 150°, 210°, 330°

180° 0°
360° These angles are related since:
sin30° = 0.5
sin150° = 0.5

180 + x 360 - x
sin210° = -0.5
sin330° = -0.5

Note: The sine of these angles have the same

270°
numerical value.

138
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Equations
Example A:
sinx® = 0.423 (0 < x < 360) Step 1: Consider 0.423
—ain-t
x =sin B (0.423) Step 2: We know that we can find the other 3
x =125 (R.A) angles in the family 155°, 205°, 335°
x = (0+25)7, (180 - 25)° Step 3: We only want the angles which will give
+ve answers for sin.
x=25°, 155°
Example B:
cosx’ = -0.584 (0 < x < 360) Step 1: Consider 0.584 (ignore -ve)
-1
X =00S D(O.584) Step 2: We know that we can find the other 3
x=54.3" (R.A) angles in the family 125.7°, 234.3°, 305.7°
x = (180 - 54.3)°, (180 + 54.3)° Step 3: We only want the angles which will give

-ve answers for cos.
X =125.7°, 234.3°

Radians

If we draw a circle and make a sector with an arc of exactly
one radius long, then the angle at the centre of the sector is

called a radian. r
Remember that Circumference = nD = 2znr. This means that
there are 2 radians in a full circle. A

360° = 2w radians

180° = & radians
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Example 1: Convert:

a) 90° to radians

d) %radians to degrees

b) 60° to radians

e) 4?ﬂradians to degrees

c) 225° to radians

f) 11?nradians to degrees
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Exact Values

Consider the following triangles:

fe0

30°

1

A right-angled triangle made by
halving an equilateral triangle of side

2 units
0° 30° 45° 60° 90°
T T T b4
o (8| )]G 5
Sin
Cos
Tan

180°

A right-angled triangle made by
halving an square of side 1 unit

Once we have found the
lengths of the missing sides
(by Pythagoras’ Theorem),

the following table of values
can be constructed:

90°
(180° - x) (x)
SIN ALL
Positive Positive
Quadrant 2 Quadrant 1 0°
Quadrant 3 Quadrant 4 360°
TAN Cos
Positive Positive
(180° + x) (360° -x)
270°
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Example 2: State the exact values of:

a) sin 150°

d) sin (-30)°

b) tan 315°

e) cos (-120)°

n
C) cos—
6
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Example 3: The graphs below is of the form y = asinbx + c and y = acosbx + c respectively. Identify the

values of a, b and c in each graph

Y 4
3t

XV

-
8 |-
<
N N
XV
(=]

-2
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[ Addition Formulae |

Finding the value of a compound angle is not quite as simple as adding together the values of the
component angles, e.g. sin90° = sin60° + sin30°. The following formulae must be used:

| sin(A + B) = sinAcosB + cosAsinB | | sin(A - B) = sinAcosB - cosAsinB |

Example 4: Expand each of the following:
a) sin(X +Y) b) sin(Q + 3P)

Example 5: Find the exact value of sin75°.
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Example 6: A and B are acute angles where tanA:E and tanB:%. Find the value of sin(A + B).
c s~t2e
o
™S Ces\2 . -s-60
= - = V3
= fcséo \//a

Example 7: Expand each of the following:

a) sin(a - B) @ CosX SKP b) sin(ZB—Z;t
= S Cos © - 5‘,\3&%%—66355'\%
- v/
590 * () - G L

- 532 _ VaGas
o .

St Andrew's Academy Maths Dept
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Example 8: In the diagram opposite:

AC = CD = 2 units, and AB = BC = 1 unit.

Show that sin X is exactl@

Sin (F~

stnﬂ&‘f)&

-z Z _
T Vs

= &
V4o

®) |

— (eSO O

Z x L

(& Vs &

=z - NG
S |

A =Byt
A= "4
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[ cos(A + B)and cos (A-B) ____— —— |
/

N\
| cos(A + B) = cosAcosB - sinAsinB | | /  cos(A-B) = cosAcosB + sinAsinB ) |

Example 9: Expand the following:
a) cos(X -Y)

b) cos(X + 315)°
- Comx CosM &+ SxSWY,

= Crax Csad\S - S 6~315°
- \ ~
= Cesx x Iz —yxx(k
= C~S ¥ 4 S~ ¥
vz J

—_—

St Andrew's Academy Maths Dept
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Example 10:

a) Show t ;

—_—
A xA
3 “

N|?‘

To summarise:

b) Hence find the exact value of cos =

[
CesZ i}
fir 4 SN 4

\}

. SX g.T
C“bsﬁﬁ%-\- Z 6~

. V3
= "nw*=*h
TR
2V 2J2
= 34|
2V?2

LY

sin(Ai B) = sin Acos B + cos AsinB

cos(AiB): cos AcosB FsinAsinB

Cxuc Ql,20d, 3,5, 6 -1O
Gx uo Q\,&b,b-G-;ZIQ.
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| Trigonometric Identities

NOTE: these are important formulae which are not provided in the exam paper formula sheets!

sin?x° + cosx° = 1
Cos x°

————————

Note that due to the second formula, we can also say that:

cos?x° = 1 - sin?x° | AND ‘ sin?x° = 1 - cos’x°

To prove that an identity is true, we need to show that the expression on the left hand side of the
equals sign can be changed into the expression on the right hand side.

Example 11: Prove that:

a) cos® ot —sin a = cos? ot —sin> b) tan36+tanf= %
) LnS
Py u
CosS - Sn &L tan 3D+ Len@
(Ccszo(— Sn1d> (CQSLO( +S\'\t0) = Sn3IS Kslf\e
/ Ces 3@ Ces®
(Cosx —s&x& x\ |=5n3ecR | 530
= Csto - Sl CesQCSID CasTCee O
- - CesD Cos 3
= Sr(3Q '*6\

Cos@Ced3]

= Sy
Ces@Cas3®)
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4 (o]
3; Ce> (360 —&) - oS

ADS

o
Ces 360 Cssx + 5~3605-¢
| *xCssx &+ O

— Ceso<c
-_—

So) Bn (- D = Eonot - ConP
Cesoh 2P

|
== PUL Seer
SnX D B - CrskSin

Ces ok CosC

- S CoofS _ CosAS—P
Cosd Coss CoaK CsP

= Swet  _ S~
Ces KA ces P
= Ea- €EnP®

A Sn (oL @) -gn ((—B) = Romeed SnP
= Sno GsP 4 Ces S B— (Sh-olccsﬁ, @945\_@9

. Sk Co® + Condt S — 6%@/4'&50(5‘«9

N—

ﬁ, Ceas( 12> 45e) = - Crs
= (5 g

Ces \a Ceaox — S |80 S-=¢

=l % (emdc - O % Sw>c
= —=C=5>C.
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) sin® x +sinxcos® x = sinx

A

5..-\>.== 4 Swoe Ccslac
Sinde ( 5«\-55 4 c:&"x)

= SNC c‘}
S~

Cm—
am— °

G =\ Q\o, 4]3, 3c,
Soa
Sn (qo -kx)

oy
d) tanx— 1 :2.s1n x—1 Y
tanx sinxcos x @
Swe |\
CoC S~
Cas/)c

S _ Cosx
CessC Sw3c ¢ ‘ = 5/\;
Snlx - calx ce

S~o¢ Cosxe %222
Snbe - (1-Swlx ) e
Swoe Cesoe
= St - | +Sube
Swrc Cesoc

% 5"\%* smc. = AS Ve - |

5\-06 G‘x.
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Double Angle Formulae

sin2A =sin(A + A) cos2A = cos(A + A)
- SnA CrsA 4+ CasASKA - GsACesh —S~AS-A
- ASnaCsh - ccstG - SW'A .
Si 2x° = d sin?x° = her expand the f la fi 2A:
ince cos?x an sin2x e ormula for cos
cos2A = cos?A - sin?A c0s2A = cos?A - sinZA
- \=5ta -s5ntQ - ces - (0 —crsth)
= \- 25“19' - C_as‘lq_ ( +~O=s‘4

- Acesth -|

sin2A = 2sinAcosA

=1 - 2sin’A

= cos?A - sin?A -

To summarise:
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Example 12: Express the following using double angle formulae:

a) sin2X b) sin6Y

= ASnXCs X = Sn(3143%)

= B5AdM Gs31 + Crs3T 534
= A S~3Y Cr53Y,

C) cos2X (sine version)

= \—- RSt X

d) cos8H (cosine version)

= Cra (LH+44d)

= CesSUUCesGl —S-UU S Ul
Cestllh - S-tut
Cestay - (1 = Costew)
Cestulh - \ & cestul

T ACestlu—(,

e) sin5Q f) cosO (cos and sin version)

- ASNFTR IR = Ces'(}o) - 5-'(39)
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Example 13: sin6 = % , Where 0 is an acute angle. Find the exact values of:
13

i3
2
0
a) sin(20) 3 b) cos(26)
= ASO = = C_rs-lo)z— ZKIOBL
_ a -1 = C"be S~®
&xu—‘ex\f‘?’ =< ) _( T
- (2 Vi Vs
\3. = -
‘3 3
- S
K=Y
A crsle -1 |- 2snO
- — L
= & Ces0 ¢' V-2 (2
=& (7332 - & ([
= q ()
2 S -\ = \—-__8_’
= | & '
Ty ‘—(.-3- =3 _ 5
= 5 LI
S = =
g 3.
Cx G QR,3,4,6,%9
s=9
ol s - 112
D= ST +. \Ss
D= & x0-0cou I.S: 60 =60
D= 0.0467 hm = 0-000u h

D=z &46-Fm

s
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Example 14: Prove that sin2x =tanx
14 cos2x

LD
Sw ¢
\ 4+ Cesde
sm {hc
= Qownie Cedx z o 5nx Cesc
X* dcestx-X CesAx.
= ASnoe CosT = deesx-)
T A cesSe
- g Swoc — POwnx
/{C_OSDQ Cesx
= Conxe

—_—
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9.5 Solving non-unitary arqument trig equations
a) Solve for x:

)
2sin2x -1=0 Oscxgéi?gkos A
25ndoc 3 | Ocaxs "‘.’/_‘.=° °./-‘P==
50\336 s ‘\'
‘. (’) T C
Jx s 30 COA
30 \So
J-: > 15°, ?3°\45 2-550
b) Solve for x: = = =
\f‘ran—x =1 O<x<r o
O <X &£\BO
tan 7.-'JC "T‘E

o ()

®
—-E:x_ 530 (Q ﬂ) lﬂ'dé”i c
):L:c

30 a\o
- 65,43
o OwcaCroRR
x=6C
o>xX=T0
Y-
c_ -\
Swix = 72

5 . &
Q\ ch
/ﬁl\eéo\oxj\\\\z
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Calculus 3: Further Calculus

Let f(x) = sinx and g(x) = cosx. The graphs of y = f(x) and y = g(x) are shown below, where the x-axis is
measured in radians. Tangents to each curve have been drawn at the following points:

On y = sinx, the tangent at x = 0 has m = 1, and the tangent at x =t has m = -1.

On y = cosx, the tangent at x = % has m = -1, and the tangent at x = 37” has m = 1.

Draw the graphs of y = f’(x) and y = g’(x) below.
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|fy=51'nxxd—y= Ify=cosx,d—y=
dx dx

Example 1: Find the derivative in each case:

a) v = 4sinx b) f(x ) = 2cosx c)g(x)= —%COSX d) h = -5sink

As integration is the opposite of differentiation, we can also say that:
Icosxdx = jsinxdx =

Example 2: Find:

a) _"24cosxdx b)j-3s1’nsds Q) I(3x - cosx)dx
<
= AuSwoe AC = 3CeHD4C DX_ _S\nXC*+cC
— z

—— C— /__-

o Definite Integrals of sin and cos functions MUST be done in radians!

!
AR o NEVER ignore any brackets where the limit is zero!
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Example 3: Evaluate:

jn/s1nxdx b) j/ (sinx - cosx) dx
R

[: cos:e]"' —[:¢°5"‘ 5“"]
Feat) Tend) |*[omt-sd)

. Ol ~{-ceso - sn3)
.y [ -40-E7
) [ 2co8x dx - - —-\rz— +

= EJSW-’C]O
= Ez x S~ 3—_1 _Ea.x Suoj
= [0-29] -[¢]

- C-2%
—_— .
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The Chain Rule

Examwirst expanding the brackg;.ﬁ.\bdthe derivatives of the following functions:

a)y =v3x + 1 b)y=(2x2- 1)

Qy=(2x+1)>

iﬁ = 3:;‘“)‘)&'5 dy :,Z(th-a)'xtnt: 2‘2 = 3(3#3’;«2
*. 6((3x*§ Tx=‘3’°¢(3:}—') ¥ 6 (2

Q

" dx dx

Yo (3x+1) X R A

/’ -

d

-1) X S o 2x+1)E X
X

d

In each case, we can factorise the answer to give us back the original function, which has been
differentiated as if it was just an x 2 or x * term (multiply by the old power, drop the power by one), and
then multiplied by the derivative of the function in the bracket.

This is known as the Chain Rule, and can
be written generally for brackets with
powers as:

For f(x ) = a (...e.... )", f(x ) =an (... )™ x (DOB)

where DOB = the Derivative Of the Bracket
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Example 6: Differentiate:

a) y =sin(3x)

b) f(x):cos[%—Zx]
A . csbe x 3 | (0= -5n(F-2¢

) y= sin(xz)

)x(-'D
arx - 30033 |2 Qs (22 ) %’g - Ces () xdoc
= dx cesxt

-

Example 7: Find the equation of the tangent to y — sir(Zx +§ when x = &
dy
-— = Cr
¢ S (9):-\%> x &
= A
A ces (e 3>.
d ;
G2 Ros (22 + g-)
= ACas da

3.
- 51*: %)

when x= =z

3

M: -\
= (2 \/>>
- 1Y 2N a—‘_,.‘ G'-_-’:
v=5 (a)
Y
& 3,b:M()C-O~)
SRV S -
J j." ‘(Jc 2)
- - fa)
3-,22_ >¢ -\—_z
Yz -3¢ 4_2_+_\ng
—
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Further Integration

We have seen that integration is anti-differentiation, i.e. the opposite of differentiating.

As finding the derivative of a function with a bracket included multiplying by DOB, then integrating
must also include dividing by DOB.

(ax + b)™" ic
(n+1)xa

To integrate: I(ax +b)"dx =

Important Point: Integration is more complicated than differentiation!

This method only works fof linearj}functions inside the bracket, i.e. the highest power = 1. To find,
e.g., J'(g3 —7)Z dg , we would have to multiply out the bracket and integrate each term separately.

Example 8: Evaluate:

d 9
) Joxryex b JacTrd g N v [t+-3)

“
=(::==-33 +C. =Q‘”'? 4+ C rS \_ . d¢t
{ut+a)

4 %\ \ox &
(T} -V

-',L-' (>c+3) +C =Z.I¢'> (toc-a)‘?c-c J‘(gewb at .
-\

(Lt +a)

/— /
-lx4

~-L (4t49) 4 C

— —

1]

4+ C.
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d) [ (2t+5)'dt e)ﬁ\/% [”‘%)
{Z&Eg\ a = 6_._.\_—- dx
L4 =2 ) et

[@»MS) ] x\+5) , L(qx_, yh 9

f e "‘obc

. @l-1as - 80c 1S
Loc-t)

= 5§20
{ - /le-\ o
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Isin(ax +b)dx
For functions including sine and cosine

ts:
compaonents = —%cos(ax +b)+C

J'cos(ax+ b)dx

= %sin(ax+b)+C

Example 9: Evaluate:

a) jsin@ X b) j3cos‘g>¥x

z-Casle , ~ = 3Smde o
Iy )

C) .[sin(1—2x)dx

= - cr8 (1-9x)

+C
-2
E“i"”‘) +C.
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d) (i) Write cos? x in terms of cos 2x
Cendx = aCthC -\
acpstx—l = Cesax

RAces>e = Cesdoex)
costxe = & (Csdoetr)

= 4Cesdoc 44

(ii) Hence find .[4cos xdx

f b (& Covoe b e,

cxsé:a-fl dx .

= QBNIX 4 +C
2

em—

2w (1
e) Evaluate || sm[ixjdx

- [— jes(‘!"cl ]h

E deces J—:oj &
E&ccs ~ |- E ac«sot]
-Eﬂk C—\)j C ]

= a +

= 4

—
a—
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Example 10: Find the area enclosed by y —sj Zx _ 1T}, the x - axis and the lines x =0 and x = %

\\\\\\

2 A
JUAVARV

Chdo¢- o s

5 J,C-'— "_Illz‘? ,_Q_z
[ 50 (d-)dx X* A, Sn o
o 8! , g
Ey ¥
-_[: cos(iaf—‘%)] ¢
— A
. - Ces (c) _ [:- Cos("—})]
A o~
- =
= -1 -z 2 =
;‘& = ‘L‘. 3 (de-F) dx
= A ¢
VA, - - %(JZ‘QDT%'
= -24V2 —
(") 2 -—%

G _‘[—cd("‘%)j— - C3(0)

'
2 412
ve , |
- /u' 4 2
= 24V
b G
Ar= Y4 - (et
Y —m
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Uses of Calculus in Real Life Situations |

In the same way that geometry is the study of shape, calculus is the study of how functions change.
This means that wherever a system can be described mathematically using a function, calculus can be
used to find the ideal conditions (as we have seen using optimisation) or to use the rate of change at a

given time to find the total change (using integration).

As a result, calculus is used throughout the sciences: in Physics (Newton’s Laws of Motion, Einstein’s
Theory of Relativity), Chemistry (reaction rates, radioactive decay), Biology (modelling changes in
population), Medicine (using the decay of drugs in the bloodstream to determine dosages), Economics
(finding the maximum profit), Engineering (maximising the strength of a building whilst using the
minimum of material, working out the curved path of a rocket in space) and more.

Example 11: In Physics, the formulae for kinetic energy (Ex) and momentum (p) are respectively.
Ec= L my? and p=mv
2
b) How could the formula for kinetic energy be
obtained from the formula for momentum?
(]

Ch = h(;\;/ v dv

= . 3\/

N TVAR < f

(i erentrcte 3vt
z

a) How could the formula for momentum be
obtained from the formula for kinetic energy?
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Displacement, Velocity and Acceleration

The most common use of this approach considers the link between displacement, velocity and
acceleration.

When an object moves on a journey, we (’ \\‘
normally think of the total distance travelled. RN A So----
’ AN oM Distance
Displacement is the straight line distance / \\\ o - '.B
between the start and end points of a journey .. : PN Displacement
(so the displacement is not necessarily the A . P

same as the distance travelled!)
As displacement is a “straight-line” measurement, it involves direction and therefore is a vector
quantity: another name for displacement is the position.

Velocity is the vector equivalent of speed, i.e. if speed is a measure of the distance travelled in a
given time, then velocity is a measure of the change in displacement which occurs in a given time.

Velocity is defined as the rate of change of displacement with respect to time.

Acceleration measures the change in velocity of an object in a given time: if two race cars have the
same top speed, then the one which can get to that top speed first would win a race.

Acceleration is defined as the rate of change of velocity with respect to time.

If one of either displacement, velocity or acceleration can be described using a function, then the
other two can be obtained using either differentiation or integration, i.e.:

Differentiate Differentiate
| Displacement | | Velocity | | Acceleration |
\_/ \/
Integrate ol Integrate -2

M MS MS
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Example 12: The displacement s cm at a time t seconds of a particle moving in a straight line is given

by the formula s = £3 - 2¢* + 3t.

a) Find its velocity v cm/s aft econds.

ds _ 3¢ -ukad

ot

Vv 55(3)1-0(33*5
Vs 2?2 -12+D
V= 45’cn|>

/ [

b) The time at which its acceleration a is equal to
26cm/s?.

V= 3t - ub+3

dv _ ct -
T 6E-u

a-=6E-4
86-;6‘7’(4

6C= 30O

k=S
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T
Example 13: The velocity of an electron is given by the formula v(t) = 5 sin [Zt- ZJ

a) Find the first time when its acceleration is at
its maximum.

v'(6) = Sces(26-3) ~
Qa - (oas(ae'%)

b) Find a formula for the displacement of the
electron, given that s =0when t = 0.

= —S‘cob(o‘l(:‘-l) +C.
- P
= -Zcs(at-E)+c

7.

AE-4 = 7——21 o= fw&.s -J) +C
A€ = ‘T:‘rlzqﬂ' O = -a2-54%C
E=31 I=x C:&-S

8' "g.

© .. % 7 5=5‘5"\(36'-% 12-5

tloF 22>

(] g -

vio|+o -0 4+
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Past Paper Example 1: A curve has equation y =(2x 79)%. y
Part of the curve is shown in the diagram opposite.

a) Show that the tangent to the curve at the point where y= %x

x = 9 has equation y = % X.

8- —k.(aac-«)&‘ xZ. e

= ) W)(zq )'IL
Ax-9 Y= (22Q -4
hen oc= 9 L ' ¥y: 3.

*xQ-Q 3

b) Find the coordinates of A, and hence find the shaded area.
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Past Paper Example 2: A curve for which Zy 3sin2x passes through the point (5” ﬁj
12

X
Find y in terms of x .

3:'3“(J7f) 4+ cC .

C—————

2

WJC' 5'* yz=Vv3,

V3 - -2 045"‘

4+ C .
V3= 3J"+c
C,-:_\/.B‘3__J_>
C =2 !
Y
J:-j&s?z+.{;b_
A €.
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Past Paper Example 3: Find the values of x for which the function f(x) =2x + 3 + i, X #4,1s
x-4

(‘U\ceurs worese Lden ("():})O,

(OO =dxce>+18 ()"
¢lod =2 -18 (- W) T |

s 01- \$
Qc'-l.\)L

increasing.

[
A (c-1) —\€ 72 O
R (- 1) 7\E
<
(Qc-w) 2 A o f;'
xel,x?F be
{ T -0
./ @"‘) q’
x'}ﬁ-{l‘-q:o
X6 +1=0
oy
2% -
(x-7) (x-) =0
sc=? %=

? =
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Trigonometry: The Wave Function

It is possible to model the behaviour of waves in real-life situations (e.g. the interaction of sound
waves or the tides where two bodies of water meet) using trigonometry. Consider the result of combining
the waves represented by the functions y = sinx ° and y = cosx °. To find what the resultant graph would
look like, complete the table of values (accurate to 1 d.p.) and plot on the axes below.

0° 45° 90° 135° 180° 225° 270° 315° 360°
sinx ° 0 0.7 0.7 0 -0.7 -1 -0.7 0
cosx ° 07 0 -07 | -1 -0.7 0 0.7 1
A
(sinxc +COSX ° 1 1 1.4 0 -1 -14 -1 0 1
1k
y Max = 14
1y -
Min= -14
(W
| | | / . Max when x = 450
Y | [ ;
48 90 360° X Min when x = 225°
el <
—‘- <
¢ .y =L4cos(x - 45)°

y=\Z C;s(dc'(.§>
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Looking at the graph of y = sinx ° + cosx ° above, we can compare it to cosine graph shifted 45° to the
right (i.e. vy = cos(x - a)°), and stretched vertically by a factor of roughly 1.4 (i.e. y = kcosx °).

It is important to note, however, that the graph could also be described as a cosine graph shifted to
the left, and also as a sine graph! Therefore, y = sinx ° + cosx ° could also be written as:

y=1.4cos(x+_315 ) OR y=1.4sin(x-_315 ) OR y=1.4sinx+__45 )
Rather than drawing an approximate graph, it is more useful if we use an algebraic method.
NOTE: you will only be asked to use one specific form to describe a function, not all four!

Example 1: Writelsinx ° + cosx ° in the form k cos(x - «)°, where 0 < o, < 360.
C——

o coso = | k= +\ ’ (cpsxcc_sot—rswxs-d

- R=Vz. h a=sx Cesatthomesmor
Aisah hcesocesx 4 R s S~z
Ylce sk @ «

tank= \
o= kan' (m 5\/ //
= l;\-éo (0'0‘3 ——~
K= 45 RS
§2 cos(>c -45)
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Lesson Starter - 5B1 - Mon 4/3/19

1) Differentiate the following function.

3_ 2 _
f(x)=x 2x2+x 3
X

2)Find the equation of the line BD, the median
of AC

B (1,8)
A C
MPoc = 3,7
Mgp=- S§-2 ( )
-3 _ o loe—)
= 3_\:) =M
‘—’\? V-7 = - (X-’B)

é?:j'l\-('-'— - ¥ 5.

&3‘\39"\?=o

ot

176



Higher Maths Notes

St Andrew's Academy Maths Dept

This technique can also include the difference between waves and to include double (or higher)
angles, but only when the angles of both the sin and cos term are the same (i.e. 2cos2x + 5sin2x can
be written as a wave function, but 2cos2x + 5sin3x could not).

Example 2: Write sinx -V3cosx in the form k cos(x - a), where 0 < o < 21

= h(_as(x_-—oavws@
:_st: ake - k(w:fj:::amw
= T :%Z%C‘”‘ + RoeSE
=01+ @
e=2

P(
== tTa @/ W
ta'\ok=—\r V4

=xX-2
3
X= S= &Ccs(ac_—s__’s
S .
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Example 3: Writ osx inx ° in the form k sin(x - o)°, where 0 < o < 360

- b_stf\d = |

k=1 0(‘-‘@\"(%\
- AH= 6F\E

ol= \Bo+aH-¢ ?'/ A
X= agt-C \
R et Ang

4 S
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Example 4: Write 2sin20 - cos20 in the form k sin(26 + o)), where 0 < o < 2n

2@
AC L i *9

k=1 ¥y S h
h=J%. \\ o
Gt s
= ton™ -
X = &6%,: (0-R) T @
’ng S g ao 333 WS
33 S on(30+330) . _ car
\r-s.S\’\ (&@ '\’S'%l\
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Solving Trig Equations Using the Wave Function

In almost all cases, questions like these will be split into two parts, with a) being a “write .......... in
the form y = k cos(x - a)” followed by b) asking “hence or otherwise solve........... .

Use the wave function from part a) to solve the equation!
Example 5:

a) Write 2cosx ° - sinx ° in the form k cos(x - o)° where 0 < o < 360

b) Hence solve 2cosx ° - sinx ° = -1 where 0 < x < 360
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Example 6:
a) Write V3sinx + cosx in the form k cos(x - a)°,
howd=(3
heesa=1 o JUvt ™
J3 =V_u
tanodl= Q=
o= (A
7
v
A=6C T Z

b) Find algebraically for 0 < x < 360°:

(i) The maximum and minimum turning points of
y \3sinx® + cosx® .

&cr-*s (x—- Geb

Mo acaus ok I \Wheak = 65

where 0 < o < 360°

Mv\accusak zu...\x=a.uc
Max 60 a\
™Mn (_&LLO —73 5 \

r(cosxeCeso: y5wesud)
peesthCesxt RSds~x

0, B

' QCes ()C*@G)a

(ii) The points of intersection of

y = \3sinx® + cosx° with the coordinate axes.

(=iG=3

Cn S gj—d\(\bbJ-ﬂ\x—
e dc=s(0- )

Y= Acss(es)
\O ax (= 3cp

A Y= Ax C_chO
y&x,\—

N
VITU T

‘j .
¥ 7o)
/—
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c) Sketch and annotate the graph of y = V3sinx° + cosx® for 0 < x < 360°.

&

yA (0°t

2 \

' \

)
& | L | | | | | | S
Y e | I | I I | A3 | X
90 180 270 360
-)
o2 9
(240, 2)
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Recognising Trig Equations |

The trig equations we can be asked to solve at Higher level can be split into three types based on the
angle (i.e. x°, 2x°, 3x ° etc) and the function(s) (i.e. sin, cos, tan, sin & cos).

Type One: e.g.: 2sin4x+1=0 1. Factorise (if necessary)
One Function tan’x =3 2. Rearrange to sin(...) = (...) [or cos, or tan]
One Angle 3sin’x - 4sinx + 1 =0 3. Inverse sin/cos/tan to solve
Type Two: e.g.: sin X + cos X = 1 1. Rewrite as a WAVE FUNCTION
Two Functions 3cos(2x) + 4 sin(2x) =0 (choose kcos(x - &) unless told differently)
One Angle cos(40) - \3 sin(40) = -1 2. Solve as Type One
Type Three: e.g.: 5cos(20) = cosO - 2 1. Rewrite the double angle and factorise
Two Angles 2sin(2x) + sin(x) = -0.5 (change cos2x to the SINGLE ANGLE function)
2cos 2x - sinx+5=0 2. Solve as Type One

Past Paper Example:
a) The expression V3 sinx° - cosx’ can be written in the form k sin(x - a)°, where k> 0 and 0 < o < 360.

Calculate the values of k and a.

R (5 noc Cosoh — Ces 705"*"‘)
RcesXdswx - 2 A Cosec -

& F,

- h snol=
YLS-M:( = \f3

k= R“ \)L +g3)m

t;.::a q A 5n(x-30) /
Cov = JJ} =4 o
ot= 300D, g

\
0\\\®
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b) Determine the maximum value of 4 + 5 cosx® - 5V3 sinx°, where 0 < a < 360, and state the value of x

for which it occurs.

g3 Swe = CS32 ¢

S cosx - SS3SAX .
s (Ccsx —J3ISwX
-S ((’55\'\& "Q°°“%,

-5 (RenG-BY) A

o
- —\O.“>v\(3‘-’-scb Sl

4 9 ) Max= 1 o

: = 300
Le aas \,JM’AJC 3 -
-o=m0

— 3> —

!“'\ax@w

Max= LU,
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Lesson Starter - 5B1 - Mon 18/2/19

1) The point P(5, 2) lies on the curve with equationy = x° - 4x + 7.

Find the equation of the tangent to the curve at P.

da = gdoc- ¥
ﬁ' Y- p=ml X
b AN Y _anx-3)
ax 52? ‘“; 'ﬁ__;\ -G - 20
2) Evaluate: L ~x%dx D= Gx -8
/_/—"‘_\
Joo =T Je
-\ [ éi":‘

_\:K o
ARG R

3) a) Solve: cos2x’ - 3cosx’+2=0 for 0<x<360°
Aeestx -\ = 3cesxxa=Q Leecesz «Ko
Acesire - dceso 1= O %"‘" )_
Cosx=t | Casxe=! "\ =
x= 60", 300 P o x>\

b) Hence solve  cos4x’ - 3cos2x’+2=0  for 0O<x« 360

0 Ax=60 300 aw
i J% x= 30 \So \ao \%0 c a\o

185



Higher Maths Notes

St Andrew's Academy Maths Dept

Exponential and Logarithmic Functions

Exponential functions are those with variable powers, e.g. y = a*. Their graphs take two forms:

A
y
0, 1)
ALY T ’-@5_ i
m: \

When a > 1, the graph:
is always increasing
is always positive
never cuts the x - axis
passes through (0, 1)
shows exponential growth

A

Y

(0, 1)
~——

v

When 0 < a < 1, the graph
is always decreasing
is always positive
never cuts the x - axis
passes through (0, 1)
shows exponential decay
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Example 1: Ulanda’s population in 2018 was 100 million and it was growing at 6% per annum.

a) Find a formula P, for the population in millions,
n years later.

b) Estimate the population in the year 2026

h <
0n: 100 x106 ¢~ 100x1-06

=199 Mello
/_

Example 2: 8000 gallons of oil are lost in an oil spill in Blue Sky Bay. At the beginning of each week a
filter plant removes 67% of the oil present.
a) Find a formula G, for the amount of oil

b) After how many complete weeks will there be
left in the bay after n weeks. less than 10 gallons left? \
n G = $000 X O DD
Gn=6®oxo-53 ''= Q640 \
Ge = 2642 xC33
Gy = 8h-2xa-33
= ag8%-S
Gy = a83-Sxo -3
= a4
Cs= AYdxe™?
Now do Ex 15 Q1 - 4,7, 8 = 33
ROI®D-3> =\0-3 _\o
Lo xa'3§=- 3"( Gs = (- D%k >
= 3L

A -Qt”‘ ? Weah s

—_—

St Andrew's Academy Maths Dept
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Logarithmic Functions

The inverse of an exponential function is known as a
logarithmic function.

If f(x) = a%, then f'(x) = log.x

(“log to the base a of x”)

We have seen that the graph of the inverse of a
function can be obtained by reflection in the line y = x.

Since the graph of y = 2* passes through the points
(0, 1) and (1, 2), then the inverse of f(x) = 2* must pass
through the points (1, 0) and (2, 1).

Example 3: Add the graph of y = log;x to the graph

//f’ opposite.
,:6” Note y = a* passes through (0, 1) and (1, a)
that: y = logax passes through (1, 0) and (a, 1)

y = a¥ means “a multiplied by itself x times gives y “

y = log.x_means “y is the number of times | multiply a by itself to get x

| Since the graph does not cross the y-axis, we can only take the logarithm of a positive number |

The expression “log.x “can be read as “a to the power of what is equal to x ?”, e.g. log, 8 means “2 to
the power of what equals 8?”, so log; 8 = 3.

Example 4: Write in logarithmic form:
aNED b) 12" = 12 ) 8%-2

(o5 3522 Logez 12 = NN

d) &=y @ 1=q° f)(x_3)4=“k’"a
logey =< q = lege >
Lege!=©
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Example 5: Write in exponential form:
a)3= lo,gs 125 b) logz 49 =2 c) logg 4096 = 6

5 -_\35 3 =44 4L = 4096
d) logzL%j:—Z e) log, g =5h f)1=1og; 7
- h
2 =7“'— b :3 7‘:7 .

a) logs 64 b) log: 32 c) logss 3.5 d) logss 5 e) log, (%J
= & = S =\ \/ -\
L K
Sincea'=a, then | log.a = 1 | Since a®= 1, then | log. 1 =0.
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| Laws of Logarithms

b’
log. xy =log. x + log, y loga(;j = loga x - loga. y log. x" = n log, x
Example 7:
a) log; 4 + log; 8 - lng% b) 2logs 10 - logs 4 c) Simplify % (log; 810 - logs 10)
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Solving Logarithmic Equations

You MUST memorise the laws of logarithms to solve log equations! As we can only take logs of positive

numbers, we must remember to discard any answers which violate this rule!

Example 8: Solve:

a)log4(3x—2)—log4(x+1):% [
Cu N
_-:(_03 31-'1);)7:
X +1
k‘-_ [x- A
L = v

&7(33:-&
Sc &\

3\(30\“ =3k

ax-ka\:. 3Ix-A
x=
I

X>=
3

b) loge x + loga (2% _ =2 (x > 1]

éz'-:_ I-(ax’h

ax—z" x= " 254
axj'-—.x" = O o< b
(-2 (x5 @)= ©

_Q  x=-\
x== %

— Eémt

N

\

—

191



Higher Maths Notes

The Exponential Function and Natural Logarithms

The graph of the derived function of y = a* can be plotted and compared with the original function.
The new graphs are also exponential functions. Below are the graphs of y = 2* and y = 3* (solid lines) and
their derived functions (dotted).
o ! . ! The derived function of y = 2¥
. / lies under the original graph, but
’ ] the derived function of y = 3* lies
above it.

s / if This means that there must be
B |/ a value of a between 2 and 3

’ 1/ where the derived function lies

2 on the original.

- 3 a5 : i.e. where f(x) = f’(x)

fx)=2¥ fx)=3

The value of the base of this function is known as e, and is approximately 2.71828.

The function y = e * is known as The Exponential Function.

The function y = loge x is known as the Natural Logarithm of x, and is also written as In x.

Example 10: Solve:

Example 9: Evaluate:
a) e’ b) loge 120 a)lnx=5 b) 5% =,16
g ez 1000 (urle
=20-214 Cge Lo ®5 Log& < °3<’—

a0 S ) xloaeS
Iznl-‘—-ﬂ. e” ek % C

192
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Lesson Starter - 5B1 - Mon 25/2/19

1) Find x when 4log 6-2log 4 =1 )
(o9 & - Coyoc b =
(o= 1296 - Logse t6 =1

\

(.0596 9‘=‘
oc"'- s\.
(x2 - 2)()(2 + 2) 3\
2) Find: J' 2 dx = -
X
A
_Y o 4 _1.“ d
“ oy
x. - dx
= X? x"
= 2 _ 4t dx

"
M, wlR, Ty
()
n .
v
R|<
4‘—
N

)
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Example 11: Atmospheric pressure P at various heights above sea level can be determined by using the
formula P, = Poe" , where Py is the pressure at sea level, t is the height above sea level in thousands of
feet, and r is a constant.

a) At 20 000 feet, the air pressure is half that at b) Find the height at which P is 10% of that at sea

sea level. Find r accurate to 3 significant figures. level.
|
‘[)’Z= 30 Pe=19
=?
ct (‘;’ a0 oox?t f‘_a:_\f_gs:;
P‘tf- PO@ e lO = (00 %@ k,’ ?
1IS= 30O =L -0-c35%C \
e =o-S e = O
———20r -0-0357¢ L o-
(ege€ " =32 0S (oge e = (cge
30r x(egeR = \cge™® ~0-035Ht Ao < (egec-
t= Lcﬁeo" = (EE c-\
re-or03Sds 0.0+
N -0-03S%. k= 645
-0-0353 <€ hetb‘f\t-*- 6‘&?0‘7?"\

Pe=Yee -
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Example 12: A radioactive element decays according to the law A; = Aoe K, where A; is the number of
radioactive nuclei present at time t years and Ao is the initial amount of radioactive nuclei.

a) After 150 year; of this material had
decayed to 200
Find the value of k accurate to 3 s.f.

W
,/-\*t;'l/\G € ak Ae =700
Q00 T Neox& Ao= A0

O=€ k="
G \50K) \03 €= \0%2 ; 26‘%3

\30\Lj \o%c_\')-iﬁ

\zﬁj?llz N

b) The half-life of the element is the time taken
half the mass to decay. Find the half-life of the
material.

ho=~lone ©.83
jbciu lmgéo-&?)
T‘SQ
120002y
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Example 13: The world population, in billions, t years after 1950 is given by P =2.54¢

a) What was the world population in 1950?

When €= O .
P: a-‘SLI x
P= 256

! -5 bk pespie.
r -

0.0178t

b) Find, to the nearest year, the time taken for the
population to double.

P-: s. o%b\a‘“.
o..awé
s.Q% - ASbY xe

.0178¢€
eo = ,Z
O'o‘“l'- = L%;J

= Lesed
O.0l7%

= 38-9¢ Uep's.
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Using Logs to Analyse Data, Type 1: y=kx"< logy =nlog x + log k

When the data obtained from an experiment results in an exponential graph of the form y = kx " as
shown below, we can use the laws of logarithms to find the values of k and n.
To begin, take logs of both sides of the exponential equation.
4 y=kx" 4
log y

I

logx'

y

y=kx" This gives a straight line graph! logy = n logx + logk

Note: the base is not important, as long as the same base is used on both sides. \l =MmRyC

Example 14: Data are recorded from an experiment and the

log1o y“ o o _qo 3) graph opposite is produced.
0.903 ( I a) Find the equation of the line in terms of logio x and logwo v .
(o. qo;, 03. M= \ﬁ-'_’\ﬂ\
r & K= S\
_ M= 0-G0>D-O
0 0.903  logio x O - 0-ac>
b) Hence express y in terms of x . M=-1,
tpﬁgoj‘\'LCﬂlox = 0-9e> L"—‘a\cﬂ =""XL%\Cx' a) O-q03
Woﬁi lasiey = loswe™cr =S .
0 -]acD
\jx = (@)
Y= B
>

—
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Example 15: The data below are plotted and the graph shown is obtained.

x | o | 1+ | 2 | 3 | 4
logoy | 0602 | 1.079 | 1.556 | 2.033 | 2.510
a) Express logio y in terms of x.
A
logio y
(0] X

b) Hence express y in terms of x.
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Related Graphs of Exponentials and Logs

y=e +a y =In(x + a)
A A
y y
(0, 1) (1, 0) X
—

y = € + a is obtained by sliding y = e*:

Vertically upwards if a>0
Vertically downwards if a<0

y = In(x + a) is obtained by sliding y = lnx

Horizontally left if a>0
Horizontally right if a<0

y=e(x+a) y=klnx
A A
Yy y
0,1 (1,0) X
J
P >

y = e**3 s obtained by sliding y = e*
Horizontally left if a>0
Horizontally right if a<0

y = k lnx is obtained by vertically:
stretching y = Inx if k > 1
compressing y = Inx if0 <k <1

y=e*

=-Inx

A

Y

(0,1)

y = e is obtained by reflecting y = e*:

in the y -axis

v

(1,0) X

y = - Inx is obtained by reflecting y = lnx :

in the x - axis
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Example 16: The graph of y = logsx is shown. On

A the same diagram, sketch:
y
a) y = logs4x
4, 1)
Y g b) v = logs |
(1, 0) X y =l0g4 ™
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Past Paper Example 1:

a) Show that x = 1 is a root of x* + 8x? + 11x - 20 = 0, and hence factorise x* + 8x? + 11x - 20 fully

b) Solve loga(x + 3) + loga(x? + 5x - 4) = 3
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Past Paper Example 2: Variables x and y are related by the A
equation y = kx". log, y
. . — 4,7)
The graph of log.y against log, x is a straight line through the 0, 5)
points (0, 5) and (4, 7), as shown in the diagram. ’
Find the values of k and n. _
0] log, x
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Past Paper Example 3: The concentration of the pesticide Xpesto in soil is modelled by the equation:

Py is the initial concentration

P =Pe™ where: P is the concentration at time ¢

t is the time, in days, after the application of the pesticide.

a) Once in the soil, the half-life of a pesticide is the | b) Eighty days after the initial application, what is
time taken for its concentration to be reduced to the percentage decrease in Xpesto?
one half of its initial value.

If the half-life of Xpesto is 25 days, find the value
of k to 2 significant figures.
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Past Paper Example 4: Simplify the expression
3log,2e -2log,3e giving your answer in the form

A+log B-log C, where A, B and C are whole
numbers.

/’?
4
5@?6 -d (.Oge e

Lag¢@e) loge @
leoe e — Lage e
Loge % +Lo9e€ - ((age 1,

(oze B Hagee™— (e ~ (e

loge® + 2 —\ezeq-
I+ k—%e%" \o9e9
(£
L\i’: \O o=
Looe Lig= \o2e ©

¢ 3 lagely = Pocnlese'®

P= of = \mes
F > (05 ©
P=0-6

Past Paper Example 5: Two variables x and y
satisfy the equation y = 3(4").
A graph is drawn of log, |y against x. Show that its

equation will be of the form log, .y =Px+Q , and
state the gradient and y-intercept of this line.

LegeN

e

7Z >
2C

> Ce+ Q
€ 3= \Oe‘ G
~ Y= 10 x\O

% \O
Q 3 L:SA 2

KLQQ

loge O =lcge >
xLoag\O koys
T \952\0

Q=0 LS.
it~ o-5
\O-v\t" o L‘&
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