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N7 Matrices and Systems of Equations GPS 1.1

Matrices

A matrix is a rectangular array of numbers arranged in rows and columns,
the array is enclosed by round or square brackets.

x 3 1 6 —8 10
g (y) (0 5) (1 0 6 ) (4 -2 3)
2 rows 2 rows 2 rows 1row
1 column 2 columns 3 columns 3 columns

Each number in the array is called an entry or an element of the matrix
and is identified by first stating the row and then the column in which it
appears.

A matrix is usually denoted by a capital letter.

The order of a matrix is given by stating the number of the rows followed
by the number of columns.

eg. 4= (6 8 10) p=(3 1)
A has 2 rows and 3 columns B has the same number of rows
and is said to be of order and columns and is called a
2x3 (read as 2 by 3) square matrix of order 2.

In general, a matrix A, with m rows and n columns order (m x n), can be
represented as follows, where aj denotes the row and column of each

element.
a1 Q12 Qg3 A1n
az1 QA2 Q3 RRI )
A=| az az; ass Azn |
Am1 Am2 Am3 - Amn

Matrices are called upper triangular if the values below the diagonal
starting in position ai11 are zero.

a1 Q12 Qg3
e.g. 0 az az
0 0 as;



Systems of Equations

Previously we solved two equations with two unknowns. Let us now
consider three equations with three unknowns and two different layouts.

x—2y+3z=14
2x+ 3y —4z=-16
3x—y—2z=-1

X-2y+3z=14 1
2x+3y-4z=-16 2
3x-y-2z=-1 3
Use 1 and 2 to eliminate x.
1x2 2X-4y+62=28
2x+3y-4z=-16
Subtract  7y-10z=-44 2%
Use 1 and 3 to eliminate x.
1x3 3x-6y+9z=42
3X-y-2z=-1
Subtract  5y-11z=-43 3*
The system is how
X-2y+3z=14 1
7y-10z=-44 2*
Sy-11z=-43 3*
Use 2* and 3* to eliminate y
2*X5 35y-50z=-220
3*X7 35y-77z=-301
Subtract -27z=-81
z=3
Substitute z=3 into 2*
7y-10(3)=-44
7y=-14
y=-2
Substitute y=-2 and z=3 into 1
x-2(-2)+3(3)=14
x=1

Row1l[1l -2 3 14
Row2 12 3 —4 |-16
Row 313 -1 -2 -1

The matrix consisting of the
coefficients of x, y and z and the
constants on the right hand side is
known as the augmented matrix.

1 -2 3 | 14
R2 - R2—-2R1|0 7 -10 —44]
R3->R3—-3R110 5 —-111-43
1 -2 3 | 14
0 7 —-10|—-44
R3 - 7R3 —-5R210 0 —-271-81

From R3: -27z=-81
z=3
From R2: 7y-10(3)=-44
7y=-14
y=-2
From R1: x-2(-2)+3(3)=14
x=1

|




Gaussian Elimination

The method shown on the right hand side is known as Gaussian
Elimination. There are other methods for solving three equations with
three unknowns but for Gaussian Elimination you must reduce the matrix
to upper triangular form by producing zeros in the positions shown.
The basic operations which can be used on the augmented matrix are
known as elementary row operations (EROS).
EROs: Interchanging rows

Multiplying a row by a constant

Adding two rows
Combinations of EROs create the more complex operations shown in the
example above.

Examples: Use Gaussian Elimination to solve the following systems of
equations.

a) x+y+2z=3 b) xX+y+z=2
4x + 2y +z =13 dx +2y+z=4
2x+y—2z=9 x—y+z=4
1 1 213 1 1 12
[4 2 1 13‘ [4 2 1 4]
2 1 =219 1 -1 114
1 1 2 ]3] 1 1 112
R2 - R2—-4R1|0 -2 =71 R2 > R2—-4R1|0 -2 -3 —4‘*
R3 > R3—-2R110 -1 —-613] R3—-R3—R110 -2 012
1 1 2 |3] 1 1 112
0 -2 -7]1 0 -2 -3 —4]
R3 - 2R3 —R210 0 =515l R3 > R3—R210 O 316
From R3: -5z=5 From R3: 3z=6
z=-1 z=2
From R2: -2y-7(-1)=1 From R2: -2y-3(2)=-4
y=3 y=-1
From R1: x+3+2(-1)=3 From R1: x+(-1)+2=2

X=2 x=1



Note: Examiners will want to see an indication of the EROs.
You must produce the upper triangular matrix
You must show evidence of back substitution
The working above is the expected standard. Nothing can be missed out!

Exercise 1. Use Gaussian Elimination to solve the following systems of
equations.

1 a) x+y+2z=1 b) x—-2y+4+z=6
3x+3y+z=4 3x+y—2z=4
3x+2y—2z=7 7x—6y—2z=10

C) 5S5x—y+2z=25 d x+y+z=2
3x +2y—3z=16 3x—y+2z=4
2x—y+z=9 2x+3y+z=7

e) 5x—3y+6z=0
x+5y+2z=0
—x+2y+5z=0

2 A parabola passes through the points (1,2), (2,7) and (3,14).
It has an equation of the form: y =ax? + bx + c.
a) Use the information to form a 3 x 3 system of equations
b) Solve the system by Gaussian elimination.
c) Write the equation of the parabola.

3  An archaeological dig discovers the remains of a circular Roman
amphitheatre. Using a suitable set of axes and convenient units, the
archaeologists identify three points on its circumference:

(-2,-1), (-1,2) and (6,3)
a) Assuming the perimeter has an equation of the form:
X2 +y2 + 2gx + 2y + c =0,
form a system of equations in g, f, and c.
b) Solve the system and identify the equation of the perimeter.
c) What is the radius of the amphitheatre?

6



Inconsistency and No Unique Solutions

A set of solutions will not always exist. In some cases, there will not be a
set of solutions; here, the equations are inconsistent. In some cases,
there will be an infinite set of solutions because one of the equations is
redundant (the third equation will be combination of the other two).

Examples:
1  Show that there will be no solutions to this system of equations
x+2y+z=6

2x+y—z=5
—2x—y+z=0

1 2 116

[2 1 -1 5]

-2 =1 110

1 112

R2 - R2 — 2R1 -3 =37
R3 - R3+ 2R11

OR OO RN
w
w
—_
N

—2 —3|-4
R3->R3+R210 O 0[5

From R3: 0z=5i.e. 0=5
So the system of equations is inconsistent and there are no solutions.

2 2x—y+z=3
x+2y—3z=1
4x +3y—-5z=5
a) Show the system of equations has an infinite set of solutions.
b) By setting A=1, find the particular solutions.

2 -1 13
a) [1 2 -3 1]
4 3 =515
2 =1 1|3
R2 - 2R2—-R1|0 5 -7 —1]
R3—>R3—-2R110 5 -=7I1-1

7



2 -1 1713
0 5 =-7|-1
R3->R3—-R210 O 010

The line of zeros tells us that the last equation is redundant and hence
there is an infinite set of solutions.
Choose a variable for z, say 1, z= A.

From R2: 5y-74 =-1 This is the
7A-1
Y= General
From R1: 2x - % +1=3 Solution.
15 7A-1 51
xX=2+—0- 3
_ 21+14
10
_ A7
T 5
6

This is the Particular Solution.

3  Find the value of k for which these equations have a set of infinite
solutions. State the general solution.

x+y—z=k
3x —2y+z=16
9x —y—2z=5
1 1 -1]k
[3 -2 1 16]
9 -1 -115
1 1 -1 k
R2->R2-3R1|0 -2 1 (16— 3k]
R3 > R3—-9R110 —-10 8 I5—-9k
1 1 -1 k
0 -5 4 |16-3k ]
R3 - R3—-2R110 O 0 [-27 -3k

A set of infinite solutions exist when —27 — 3k =0
k=-9



b)

Letz =41
From R2: —5y + 41 = 43

y=§(4,1—43)

From R1: x +§(4/1 —43)—21=-9
x =2
5
For the following equations
2x+y+2z=1
3x—z=3
4x —y+az=>b
a) Find the conditions under which the solutions are unique.
b) Consider the case a=-4, b=5

c) Consider the case a=-4, b=2

2 1 2 |1
[3 0o -1 3]
4 -1 alb
2 1 2 1
R2 -» 2R2 —-3R1|0 -3 -8 3
R3—->R3—2R1 10 -3 a-—8Ilb—2]
2 1 2 1 ]
0 -3 -8 3
R3—->R3—R110 O a+4lb—5.

Solutions are unique when a + 4 # 0, a = —4 and b can take
any value.

If a=-4, b=5, R3 is a line of zeros so solutions are infinite.
Letz =21
From R2: =3y — 81 =3

y=—2(81+3)
From R1: 2x—§(8/1+3)+2/1= 1

A+3
X =—
3

If a=-4, b=2, R3 gives 0z = —3
The equations are inconsistent. There are no solutions.

9



Exercise 2:

1

2

3

4

Show that these systems of equations are inconsistent by reducing
the associated matrix to upper triangular form.

a)2x—y+z=3 byx+y—z=-1 C)x+2y—z=2
x+y—3z=1 5x+3y+z=3 3x—y+2z=-1
3x+y—2z=2 2x+y+z=4 4x —6y + 6z =4

Show that these systems of equations have no unique solution and
find the general solution.
a)—2x+y—5z=4 b)x+y+3z=-1 C)x—2y+z=3
3x —y+2z=—-1 2x—-y+4z=1 2x +y—2z=1
—4x+y+z=-2 —x+5y+z=-5 3x—y—z=4

Under what condition does this system of equations have a unique
solution? State the solution when this condition holds.
x+2y+3z=0
2x—y+z=5
x+3y+az=-1

Find the value of a for which these equations have a solution and
state the solution for this value if a.
x+3y—z=-3
X—2y+z=4
x+4y—-2z=a

2x+y—3z=5
x+2y+3z=1
2x—y+az=»>
a) Find the conditions under which the solutions are unique.
b) Find the values of a and b for an infinite number of solutions.

x+2y—z=6
2x—y—z=1
ay+z=»>

a) Find a and b if this set of equations has more than one solution.
b) Find the general solution by letting z= A

10



Matrix Algebra

A matrix (matrices) is a rectangular array of numbers set out in rows and
columns, the array is enclosed in round (or square) brackets.

X 3 1 6 8 10
o (y) (o s (% 4 o) 4 -2 7
2 rows 2 rows 2 rows 1 row
1 column 2 columns 3 columns 3 columns

Each number in the array called an entry or an element of the matrix and
Is identified by first stating the row and then the column in which it
appears.

A matrix is often notated by a capital letter.

The order of a matrix is given by stating the number of rows followed by
the number of columns.

a=(% 7 8) p=(3 Y

-3 0 —4 2 6
Matrix A has 2 rows and Matrix B has 2 rows and
3 columns and is said to 2 columns and is called a
be of order 2x3 (2 by 3). square matrix of order 2.

In general, a matrix A, of order (m X n), has m rows and n columns and
can be represented as follows where a;; denotes the element in the ith

row and jth column.

i1 Qg2 0 Qqn

az1 Az o Qo
A= : : . :

aml amz nnn amn

Two matrices are equal when they are of the same order and their
corresponding elements are equal.

The zero matrix is a matrix whose elements are all zero.

11



Finding the Transpose

A new matrix can be formed from a matrix A by writing row 1 as column 1,
row 2 as column 2, row 3 as column 3 etc. This new matrix is called the
transpose of A and is denoted by A’ (A dashed or A transpose)

3 2
_(3 5 9 ,_
ta=(", 2 ) thenA-(S 7)

9 —4
Exercise 3
1  State the order of each of the following matrices:
2 1 1 2
3 1 4 2 3 4
a)(5 4 0 7) b)<4 8) C) 56
1 -2 7 g

2  State the pairs of equal matrices
A=1 2 3) B=3 2 1) C=01 2 3)

p=(2) £=(;) F=() =)
= =G L) =G k=G
3  Determine the values of x and y in each of the following:
a) B3x —y)=(12 3) b) (Z * ;’) = ()
2 2
°) ()2cx+—2§) N (g) 9 (;3 z3> - (—37 g)

4 Write down the transpose of each matrix in question 1 and state the
order of the transpose.

. (31 4 2 "

5 Forthe matrle—(5 4 0 7),showthat(A) = A.
_(x 9 _ (5 -3

6 P—(_3 y)andQ—(g _4)

Find x and y given that P’ = Q.
12



Addition of Matrices

If two matrices A and B are of the same order, they can be added to
make a new matrix A + B formed by adding each element of A to the
corresponding element of B.

IngeneraI:IfAz(CCl Z)ande(I; Z) = A+B=(Ccl::__f Ziz)

Exercise 4
1  Find the sum of the following matrices

A+ wE+G) ) (3)+ (U3)

(% )+(F) 9@ n+a 9 HE -H+(5 8

L CRY A LY R ) A G

2 a=( 2)B=( Jadc=(7 )
Find

a) A+B b) B+C c) (A+B)+C d) A+(B+C)
Is it true that (A+B)+C= A+(B+C)

3 GiventhatA=(_35 _14

a) A+B b) B+A
Comment on your results.

-3 4

)andB=(5 _1

), find the matrices

4  For the matrices A = (‘z i g ;) and B = (g _81 31 —3)

show that (A + B)' = A" + B'.

13



Subtraction of Matrices

If two matrices A and B are of the same order, they can be subtracted to
make a new matrix A — B formed by subtracting each element of A to the
corresponding element of B.

IngeneraI:IfAz(CCl Z)ande(I; Z) = A—Bz(ccl:f Z:g)

Exercise 5
1  Subtract the following matrices

A=) wE-G) ) ()~ ()

(%) -(F) 9@ »-a 9 HE -H-(5 8

9 -G 5 w1 -G T )

2 4=} 2 =(7 Nandc=(> 2)

3 4 0 1 -1 0
Find:
a)A+B b)) A+ C c)A+B+C dA-B
e)C-B HC-A g) (A+C) + (A+B) h) (A+C) - (A+B)

3  Solve each of the following equations for the 2x2 matrix X:

ax+p )=G D 9xG =G )

1 2 3 =2 4 2
4 If A = <3 4), B = (1 5 ) and C = ( 1 0), evaluate
5 6 4 6 -3 5§

a)A+B b)B-C c)(A+B)-C dA+(B-C)

14



Multiplication of Matrices by a Scalar

If k is a real number and A4 is a matrix then kA is a new matrix obtained by
multiplying each element of A by k.

In general: If A = (Ccl Z) = kA= (iccl :3)

Examples
(2 1 3
|fA_(_1 0
a) 4A
44 = 4(

2 -1 0

)ande(3 4t

), evaluate

_21 (1) Z)z(—84 g 12)

b) 34 — 2B

3A— 2B =

Exercise 6

1 IfA=(_31 _42),finda)2A 0)3A  ¢)-5A  d)-A

2 IfA=(§ g ;)andB=(L2L _51 (3)

a) A-B b) 2(A+B)  ¢) 2A d) 2B
e) 2A+2B f) 6A g) 3(2A) h)8B i) 2(4B)

), find their simplest form:

3 Ifd= (i _13) and B = (_34 _12) simplify:

a) 3A+2B b) 4A-3B c) 5A-4B d) 2(A-5B)

15



4  Solve each of the following equations for the matrix X:

a)3X:(162 _93)5 b)2X+(i ;)z(g g)
3 1 7 1 _
C)4X_(4 7)2(0 133) d) (—4 3)_3X=(8 190)

5  Find the matrix X in each of the following:

92(; T; =3l 5 )

b)S(é i)—3x=4(_34 ;)

6 Given that 2 (f Z) + (_74 _52) = (g ?), find p,q,r and s.

Multiplication of Matrices

Two matrices can be multiplied together if they are conformable. This
means the number of columns in the first matrix is the same as the
number of rows in the second matrix.

The product of a m X p matrix and a p X n matrix is a m X n matrix.

To find the elements of the product matrix, we multiply rows and columns
together.

i1 Qg2 0 Qqn
. A1 Qzp ° Qzp :
Consider BC = : , : : for two matrices B and C.
Am1 QAm2 - QAmn

a1 IS the total of row 1 of B multiplied by column 1 of C.
a,, is the total of row 1 of B multiplied by column 2 of C.
a,, IS the total of row 1 of B multiplied by column n of C.
a,4 is the total of row 1 of B multiplied by column n of C.

a.nn, 1S the total of row m of B multiplied by column n of C.

16



-1 5
Example: Find AB where A = (g _02 é) and B = ( 8 —3).
1 4

A has order 2x3, B has order 3x2. They are conformable. AB will have

order 2x2.
-1 5
(3 -2 1
SR (E)
_(3x(—1)+(—2)x8+1x1 3><5+(—2)><(—3)+1><4)
U 5x(-1)+0x8+6x1 5X5+0x%x(=3)+6x4
=(—18 25)
1 49
Exercise 7

1  Find the following matrix products if possible by first considering the
order of the matrices.

a) (1 2)(2) b) (3 4)(3) c) (5 —2)(_12)

2 5 X
d@ 1 2) (1) e)(2 -3 4) (1) (@ -5 -—-1) (y)
3 2 z

91 JGE PG D0 (1 2)6)
G 9 2D G DE)
m(; 56 QG ) o ¢ 3)(;)

) (5
(s
() oG k) Gyl

cosa —sina)

S) (cosa sina)( .
sina  cosa

17



By forming a system of simultaneous equations, find x and y

A 2)6)=(5) (1 5)E)=(5)
(G 23)6)=(5) (0=

ta=(3 1) 8= oandc=(%)

a) Find (i) AB (i) BA and comment on your result.
b) Find (i) A(BC) (i) (AB)C and comment on your result.
c) Show that (AB)' = B'A’

3 —1

Given that A = (5 5

), find A% and A3.

1 -2
-3 6

2 2

|fP=( )anolQ=(1 1),finol PQ and QP.

From the above results matrix multiplication is not commutative.

Find the following products

(G 6D wh DG ) 9C dk D

21606 d 96 D6 ) "6 DG o

The 2x2 matrix ((1) (1)) Is called the unit matrix of order 2 and is denoted

by I. It behaves like unity in the real number system. If A is a 2 X 2 matrix,
then IA = Al = A.

v

8

1 0
0 1

Il
N\

), find a, b, c and d.

; DE 2

G DG 3)

((1) (1)), find p,q,r and s.

18



9 Ifd= (; i) find p and g such that A% = pA + ql.

3 =1\ . 2
10 IfA= (2 _5), find p and g such that A© = pA + ql.

11 2 1 3
11 IfA=[3 2 andB=( ),ﬁndAB and BA.

3 -1 2

1 2

1 0 2 2 -1 3
12 If4A= <1 -1 1) and B = (0 1 —1), find AB and BA.

2 1 3 1 1 1
13 Calculate M? and M3 when 8 = 60°, given that M = ( cos 6 Sine).

—sinf cos@
14 A matrix B is such that B> = 6B — 91, where I is the 2 X 2 unit matrix.
Find integers p and q such that B3 = pB + ql.

15 A matrix 4 is such that A*> = 34 — 41, where [ is the 2 X 2 unit matrix.

Find rational numbers p and g such that A3 = pA + ql.

The Determinant of a Matrix

For a 2 X 2 matrix:

it4=(“ Z

detA, |A| or |Ccl Z :

We calculate it like so

), then the determinant of the matrix A is denoted by:

detA = ad — bc

19



43)

Example: Find the determinant of A = (_1 _>

detA = |_41 _32|

=4 x(-2) -3 x (-1
= -5

If |A] = 0, then matrix A is singular.
If |A| # 0, then matrix A is non-singular.

For a 3 x 3 matrix:

a b c
If A = (d e f), then detA is defined as follows

g h i
f|—b‘
l

d e
g h

f

detA = a d |+ c
g i

IZ

In this expression for detA, the factor multiplying a given element is the
determinant of the matrix from A by omitting the row and column which

contains the given element, together with the sign according to this chess
+ - +

board pattern — + —.
+ - +

3 1 =2
Example: Find the determinant of A = (2 1 1 )
1 1 2 1 ° 12 _12
detA=3|1 —2|_1|0 —2|+(_2)|o 1
=3(—2-1)—-1(-4-0)—-2(2-0)
=3X(-3)—1x(—4)—2x%x2
=-9+4-4
= -9

20



Exercise 8
1 Evaluate

o 1

o5 S olZ Tl ol

(1 3 (2 4 .
ta=(_, j)andB=(" ¢) find
a) AB and show that det(AB) = detAdetB

b) BA and show that det(AB) = det(BA)

Evaluate
cos @
a
) |— sin @

cos 26
sin 26

sin 26
cos 26

sin @
cos 6

b)|

-2 1 4 0 1 3
a) ( 3 -2 5) b) (O >
0 1 3 2 6 -2
2
5 >
9 -3 12
2
-1 5 4 2 1

Find the determinant of the following matrices
-1 4
1 3 -7 14 7

d) (4 6) e) ( 2 -8 6
7 8 9
1 3 1 0 1
If A = (0 1 3) and B = (2 1 3), find
2
a) AB and show that det(AB) = detAdetB
b) BA and show that det(AB) = det(BA)
1 1 1

X y z
yZ Zx Xy

Show that =(x-y)(y—2)(z—x).

21

n2 I[n4
O P

—2
C) ( 3
—7

8

1
f) (2 4
1 12

0 1
4+ )
-3 2

—10
s )
5



The Inverse of a 2x2 Matrix

IfA=(? Z)and1=((1) (1)),thenAI=(Z Z)((l) (1))=(Ccl Z)

and14= (o )¢ 2= o)
Therefore, Al = 1A = A.

For this reason the 2 x 2 unit matrix is called the identity matrix for
multiplication of 2 X 2 matrices.

Consider 4 = (3 é) and B = (_57 _32)

3 2\(5 =2 10 5 —2\(3 2 1 0
= ) 3)=0 PJadsa=(2 )G =0 1)
Therefore, AB = BA = 1.

For this reason B is called the multiplicative inverse of A and is denoted
by A~1. In the same way, we can say that A4 is the multiplicative inverse of
B and is denoted by B~1,

The word inverse usually refers to the multiplicative inverse. The inverse
for addition is usually referred to as the negative.

If A and B are square matrices of the same order such that AB = BA =1,
then B is the inverse of A and A is the inverse of B.

It can be shown that if these inverses exist, then they are unique and so
we can talk about the inverse of A or the inverse of B.

Not every matrix has an inverse. To find the inverse of a 2 X 2 matrix, first
calculate the determinant. An inverse will exist if the matrix is non-singular
l.e. detA # 0. If detA = 0, then no inverse exists.

ItA = (Ccl Z) ATl = adibc (—dc _ab)'

22



7 =2
-2 1
detA=7%x1—-(-2)x(-2)=3
Since detA # 0, then A1 exists.

-3 Y-

Example: Find the inverse of A = ( ) if it exists.

winv Wk
WiINwIN

Exercise 9
1 Show that each matrix is the inverse of the other

a) (i i) and (_11 _32) b) (_52 _37) and (3 ;)

2  Find the inverse of the following 2 x 2 matrices, if they exist.

a)A=(2 1) b)B=(7 4) c)c=(4 2

4 3 16 9 10 5
5 7 -2 4 1 1
o|)D=(6 9) e)E=(1 _1) f)F=(1 o)
3 Giventhat P = (g i) and Q = (i g) find
a) P~! b) @71 c) (PQ)~*
d) P~1Q~* e)Q P! f) (@P)~!

(AB)~! = B~1A-!
det(AB) = detAdetB

The above results should be known.

23



The Inverse of a 3x3 Matrix

To find the inverse of a 3x3 matrix, A, first create an augmented matrix
with A and I (the 3x3 unit matrix). Then complete elementary row
operations to turn 4 into I and in this process I becomes A~

Not every matrix will have an inverse, if detA = 0 then no inverse exists.

Example: Find the inverse of

1 1 1
a) A=(1 -1 2
2 1 -1

detA = 7 so the inverse exists.
1 111 0 O
<1 -1 210 1 0)
2 1 -—-110 0 1

1 1 111 0 O
R2=R2—-R1|(0 -2 1(-1 1 O
0

R3 = R3 —2R1 -1 -3[-1 0 1
1 111 0 O
O -2 1(-1 1 O
R3=2R3—-R2 \0 0 -7I1-3 -1 2
R1=7R1+R3 /7 4 -1 2
R2=7R2+R3{0 - —10 6 2
0 -3 -1 2
R1 =2R1 +R2 /14 -2 4 6
0 - —10 6 2
0 -3 -1 2
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R1 =—R1
14
R2 = ——R2
14
R3 = —=R3
7
1
The inverseof A=| 1
2

1 1
-1 2
1

|
\llw\llm\llH

L)

|
\llb—‘\llw\llN

I |I
\1|N\1 b N w

A—l

[l
/——\l
\IIW\IIU'I\llH

|
\”’"\‘lw\”"’

You can check your answer using AA™1 =1.

2 2 1
b)A=<241>
3 2 0

detA = —6 so the inverse exists.

2
€
3
2
(o
0
2

0
R3 = R3 + 4R2 (0

R2 =R2 —R1
R3 = 2R3 — 3R2

0

R1 =3R1+R3 (6
0

0

R1 =R1—3R3<6
0

2 111 0 O

4 1{0 1 0)

2 00 0 1
2 111 0 O
2 0|—-1 1 0)
-8 310 -3 2

2 111 0 O

2 0)-1 1 0)

0 —-3[-4 1 2

6 0]-1 1 2

2 0f-1 1 O

0 -31-4 1 2

0O 02 =2 2

2 0)1-1 1 0)

0 -31-4 1 2

25
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R1=-=R1 >z -2 2
6 0 0 3
R2=-R2 [0 2 0f-3 5 O
R3=—1pz \0 O P2 _1 2
3 3 3

You can check your answer using AA™1 =1.

Exercise 10: Find the inverses of the following matrices, if they exist

3 4 5 4 8 3 0 2 3
a) (4 3 11) b) <3 5 1) C) (2 0 O)
1 0 3 1 4 3 1 -1 0

4 2 1 1 2 3 1 8 5
d) (3 1 2) e) <2 3 1) f) (2 10 7)
3 5 1 3 2 1 9 7 3
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Using the Inverse Matrix to Solve a System of Equations

3x—y=5

Consider the system of equations: 2x +y =15

snee (32)=G )G
the set of equations can be written as ( _1) (x) = ( > )
X

This is of the form AX = B where A = (3 _1), X = (y) and B = (155).

2 1
If A~lexists = A 14X =A"1B
= X=A"1B

In the above example A~! = g(_lz é)
(5 96 6= D)
(6 VG

(%)
®

()
Therefore, x =4, y=7.

This extends to systems with more equations and unknowns.

x+y+2z=3

Example: Solve the following system of equations 2x —y —z =2
3x —2y+2z=-2

1 1 2 X 3
The equations can be written as (2 -1 -1 (y) =1 2
3 =2 2/ \z —2

which is of the form AX = B.

4 6 -1
Using elementary row operations A=1 = % (7 4 —5)
1 -5 3

1(4 6 —1)(1 1 2>x 1(4 6 —1)(3)
—(7 4 -5|2 -1 -1 <y>=— 7 4 -5]| 2
B\1 5 3/\3 2 2/ B\ 5 3/\2
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Therefore, x =2, y=3, z=—1.

Exercise 11:

Solve the following systems of equations using the inverse matrix.
x—y=5 3x+y=7 2x+y =5
a)x+y=11 b)3x+2y=5 C)2x+3y=—1
d3x—4y=18 er+3y=5 f5x—3y=9
) Sx+y=7 )4x—5y=21 )7x—6y=9
X—2y+z=6 5x —y+2z=25
9Q)3x+y—2z=4 h)3x + 2y — 3z =16
7x—6y—2z=10 2x—y+z=9
x+y+z=2 2x +4y +5z=-3
NV3x—y+2z=4 ) dx—y—-7z=6

2x+3y+z=7 6x+3y—2z=3
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Using Matrices to Represent Geometric Transformations

2x2 matrices can be associated with transformations of all points in a
Cartesian plane. The transformations we will study are reflections on the
X-axis, y-axis, and in the line y = x, rotations of 90° and 180°, dilation
(enlargement or reduction) or a composition of these.

Examples: Find the matrices associated with
a) reflection of the point (x, y) in the x-axis. o (x,y)
Under this reflection (x, y) maps on to (x',y")
where (x',y") = (x,—y) ‘

x' X 1x+ 0 1 0\ /X _
(y’) - (—y) - (Ox - 1§;> - (o —1) (y) (=)
1 0
0 -1
in the x-axis.

»
>

and so ( ) is the matrix associated with the reflection

b) rotation of the point (x, y) by = radians about the origin.
Under this rotation (x,y) maps on to (x,y") (x,v)
where (x',y") = (—x,—y) °
x' (X _(~1x+0y\ -1 0 X 2 T
(y’)_(—y)_(Ox—1y>_(0 —1)()') (=x=y)
-1 0

0o -1
7 radians about the origin.

v

and so ( ) is the matrix associated with rotation of

c) a dilation where the scale factor is 2 and the centre of the (2%, 2y)
dilation is the origin. 4
Under this dilation (x, y) maps on to (x',y")
where (x',y") = (2x,2y)

(x’) _ (Zx) _ (Zx + Oy) _ (2 0) (x)
y') \2y) \0x+2y) \o 2/\y
2 0

0 2
centre the origin and with a scale factor of 2.

(x, y}

and so ( ) Is the matrix associated with dilation,
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Exercise 12

1

Find the matrices associated with the following transformations
a) Reflection in the y-axis.

b) Reflection in the line y = x.

c) Reflection in the line y = —x.

d) A rotation of% radians clockwise.

e) A rotation of% radians anti-clockwise.
f) A dilation, about O, where the scale factor is k.

Prove that the matrix associated with a general rotation of 6 radians

about the origin is (Z?Ifg Czlsngg). 0(x,y")
The diagram opposite may be helpful. 1%

OP, which makes an angle of « radians 0 P(x.y)
with the x-axis, is rotated through g

6 radians to OQ.

Hence, show that the matrix associated with a rotation of

a)  radians is (_01 _01)

T : ... (/0 -1
b) > radians anti-clockwise is (1 0 )

c) 7 radians clockwise is (_01 é)
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N7

Vectors GPS 1.2

Revision of Vectors from Higher

1  Position vector of a point P
Relative to an origin O, P is the point (x, y, z) with position vector

X
0P=p=<y)
B Z

2  Basic laws
a) The Commutative Law
atb=b+a - a
Proof: OP = OP + P(Q 00 = OR + RQ
=a+tb =b+ta
Thereforea+b=b+a 5 ,

The Associative Law
(a+b)+c=a+(b+c)
The Zero Vector or Identity Law
a+0=0+a=a
The Negative of a Vector
at(-a)=0
Multiplication by a Scalar
If a is a non-zero vector and k is a non-zero number, then
(i) |ka|is k times |q|
(i) if k > 0, ka is parallel to a and in the same direction
(i) if k <0, ka is parallel to a and in the opposite direction
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f)  Unit Vector
A unit vector is one whose magnitude (length) is one unit.
i is a unit vector in the direction of Ox. >
j is a unit vector in the direction of Oy. y

k is a unit vector in the direction of Oz.
The position vector of any point can be (1,0,0)4 .

given in terms of i, j and k. i
e.g. If Pisthe poinE (1,2,3), then i (1,0,0)
g=g+2]_'+35=<;>
g) The Magnitude of a Vect(3)r
If AB = <;C/>, then |E| = \/xz + y2 + z2.
Z

The distance between A (xq,y;,2,) and B (x5,V,, Z,)

X2 X1 X2 —Xq
AB=b—a= <3’2)—<3’1> = ()’2 —Y1>
Zz Zl ZZ - Zl

|E| = \/(xz —x1)%*+ (2 —y1)? + (25 — z1)?
The unit vector in the direction of a vector u is given by the

formulae =.
|u|

Formulae
a) Finding a Point P that Divides a Vector AF in the Ratio m: n
Find the position vector p then P.

p=a+——AB

— m+n

b) The Scalar Product (Dot Product)
() a.b=|a|lb|cost
where 6 is the angle between a and b 48—
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X1 X
(i) Ifa= (3’1) and b = ()’2)
A Z)

then a.b = x1x; + ¥1Y2 + 212,

(i) cosO = ==

(iv) If a and b are perpendicular then a.b = 0.

(v) The Distributive Law
a(b+c)=ab+ac

Examples:

1 Ifa=>5i+3j+7kandb =2i—8j+ 4k, find the angle
between a and b.

()3

la] = V25 +9 + 49 = V83
Ib| = V4 + 64+ 16 = V84

0 = ab 14
€05% = lallo] ~ Veaves
6 = 80.3°

2  Find the unit vectors which make an angle of 45° with the vector
a = 2i + 2j — k and an angle of 60° with the vector b = j — k.

Let the unit vector be u = xi + yj + zk

u.a= |g||g|cost9

32

2x+2y—z=1%X3Xcos45 = 2x+2y—z= x (1)

u.b = [ul|b|cos®

[

y—z=1XxV2xcos60 = y—z= (2)
Since u is a unit vector x> + y2 +z2 =1 (3)
(1)-(2) gives 2x+y =2 = y=+2-2x

(1)-22) gives 2x+z="2 = z="-2x
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Substitute into (3)
2
x2+(\/§—2x)2 +(§—2x) =1
3
9x% —6V2x +==10

2

6x2 —4\V2x+1=0

X=— or — by the quadratic formula

3v2 V2
4
y=ﬁ07'0
1 1
A 3ﬁor NG
1 4 1 1 -1
Hence u = (3\/5’3\/5’3\/5) or (5’0’ ﬁ)

Exercise 1

1

Which of the following expressions represent vectors and which
represent scalars?

a) actca+ab b) (b.c)a+ (c.a)b+ (ab)c

o) [(b.c)(c.a)la d) [(b.c)c + (b-a)a]. (b + 2a)
Evaluate thesewhena =i+k b=i+j+2k c=2j+k

A, B and C have coordinates A (1,6,-2), B (2,5,4) and C (4,6,-3).
Find the lengths of the sides, cosines of the angles and the area of

triangle ABC.
B C

Prove that in any parallelogram,
the sum of the squares on the diagonals d
is equal to twice the sum of the squares

on the two adjacent sides. A

D

laph 4

B —

i.e. Prove that |ﬁ))|2 + |A7J|2 = 2|AB|2 + 2|1ﬁ|2 by expressing
BDasbh—d and AC as b + d.
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4  Find the two unit vectors which make an angle of 45° with the
vectorsa=i and b =k.
5a) Find the unit vectors which make an angle of 45° with the vector a =
—i + k and an angle of 60° with the vector b = —2i + 2j + k.
b) Show that these two unit vectors are perpendicular.

The Vector Product

Definition

The vector product is denoted by a x b which reads as a cross b.

(i) ax b has magnitude |a||b|sin 8, where 6 is the angle between a
and b. 0 < 6 < 180°.

(i) a x b is perpendicular to both a and b.

(i) The direction of a X b is determined by the “right hand rule”.

Right Hand Rule
If the thumb of the right hand is +axb
held perpendicular to the middle finger and
the forefinger then the forefinger represents <
a, the middle finger represents b and the )
thumb represents a X b. &

Properties

() axb=-bxa
This follows directly from the right hand rule. If you rotate your wrist
in order to represent —b (b in the other direction) then your thumb
will point down.

(i) |a x b|is the area of a parallelogram with sides |
|
determined by a and b. b@ L

|

Area = base X height = |g| X h = |g||Q|Sin9 . a

(i) axb=0 & aisparalleltoboroneofaorb is0.
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(iv) If a and b are non-zero vectors, the following statements are
equivalent
axXb=0 © aisparalleltob © a=kb
(v) kaxb=k(axb), kaxnb=kn(aXxb)
(i) ax(b+c)=axb+axc, (btc)xa=bxatcxa

The Vector Product in Component Form

Let i, j and k be unit vectors, mutually perpendicular to form a right hand

system. "
Therefore i Xj=k Alsoixi=0 - .
i Xk =—j jxj=0 L
jxi=—k kxk=0
JXk=1 i
kxi=j
kxj=-i

Leta = x3i+yij +z1k and b = x,i + y,j + 23k
Thenaxb = (Xﬂ tyJ + Z1K) X (xzi' tYa) t sz)
= XL X (xzi +yaj t sz) + Y1 X (xzi t Y2 + ZzK) + 2,k X (xzi + Y2 + ZzK)
= X1L X XL + X1 X yof + X100 X Zpk + y1] X x50 + y1] X 2] + Y1) X 22k

t21Kk X Xp0 + 21k X yp] + 21k X 2,k
= X1%20 + X1V2k — X125] — y1X2Kk + ¥1¥20 + y1250 + 21X2] — 21Y51 + 21250

= X1Y2K = X125] — V1XoK + Y1250 + 21X5] — 21 Y50

These results can be or  If moving in a clockwise direction,
summarised in a table the vector product is positive.
If moving in an anti-clockwise
X|1il|jlk direction, the vector product is
il 0 |k —j negative.
j|-k[o]i
k1j|-i0
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= (1122 — y221)i + (X221 — x123)] + (X1¥2 — X201)k

These components of a X b can be found more easily by rearranging the
components of a and b under the unit vectors.
i j k| Thecomponentin the direction i is found by evaluating the

x; y; z,| determinantformed by the components of j and k.
X2 Y2 22| The component in the direction j is found by evaluating the

determinant formed by the comf:onents of i and k.
The component in the direction k is found by evaluating the
determinant formed by the components of i and J:

Examples:

1 fa=i+2j+3k andb=2i—j+k,find a)axb b)bxa

a)axb

i J k

=11 2 3

2 -1 1
=(2x1-3%x(-1)i—-(1x1-2x3)j+ (1 x(-1)—2x2)k
=5i+5j — 5k

b)bXxa

i j k

=12 -1 1

1 2 3
=((-1)x3-2x1)i—-(2x3—-1xDj+(2x2—-1x(-1))k
= —5i —5j + 5k

2  Ifa=3i+5+7k b=i+kandc=2i—j+3k verify that

ax(bxc)=(ac)b—(ab)
(This is known as the vector triple product)
bxc ax(bxc)
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i j k ij k
=11 0 1 =13 5 7
2 1 3 1 -1 -1
=i—j—k =20+ 10j — 8k

(a.c)b - (a.b)c

1 2
=(6—5+21)<0)—(3+0+7)(—1>
1 3
2
()
—8

Therefore a x (b x c) = (a¢)b — (a.b)e

Find the area of the triangle with vertices A (1,3,2), B (4,3,0) and
C(,11)
1

Area of a triangle = % X Area of a parallelogram = > |E4) X ﬁ|

CA=g—g=<2> CB=Q—Q=<2> CAXCB=<—7>
-3 -1 —6

Area of a triangle= % X V16 +49 + 36 = % 101

Find a unit vector perpendicular to both a = 2i + j — k and
b=i—j+2k. )

The vec_tor n = a X b is perpendicular to both a and b.
Obtain the unit vector that has the same direction as n

n _ axb

u = =
= [n|  |axp]
axb=i-5j—-3k
laxb|=v1+25+9=+35

1 . ,
u=_rs0—5 -3k
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Exercise 2
1 fa=3i+2j—k, b=i-— ]—Zkandc—4z—3]+4k evaluate

a)ax(bxc) b) (axb)xc c)(axb).(axc)
d) (e x b).(bx¢c) e) [ax (bxc)].c

2 lfa=3i+2j+5k b=4i+3j+2kandc=2i+j+ 10k, find

a)axb b) (ax b).c c) b.(ax¢c)

3 Ifa=3i+j+2k, b=2j—kandc=i+j+k, and
d=bx(cxa)+ (ac)a, show that b is perpendicular to d.

4 Find a vector perpendicular to each of the vectors a = 4i — 2j + 3k
and b = 5i +j — 4k.

5 lfa=i+j—kandb=2i—j+k,
a)Find ()axb (i) a x (a + b)
b) Show that a.(a + b) = 0

| =

6 Find the unit vectors perpendicular to both a = 4i — k and
b =4i+ 3j — 2k.

7  Find the area of the triangle ABC where A (4, -8, -13), B (5, -2, -3)
and C (5, 4, 10).

8  Prove algebraically the vector triple product
ax(bxc)=(ac)b—(ab)c
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The Equations of a Straight Line

In Vector Form

Let d # 0 be a fixed vector. Let A, with position vector a, be a fixed point
and R, with position vector r be a variable point.
Let R lie on a straight line L which passes through A and is parallel to d.
Since R lies on L, 4R is parallel to d (or is zero). (j/
AR = td (where tis some parameter)
r—a=td
r=a+t+td L
This is the vector equation of a line L through A parallel to d.
The scalar t is a parameter and may take any real value including zero.
The vector d is called the direction vector of the line.

The cosines of the angles between the vector d and the unit vectors i, j

a 0

and k are called the Direction Cosines of d.
In Parametric Form

X a [
If r = (y) a= <b> and d = <m> then the vector equation becomes
z c n

X a [ x=a+tl
(y> = <b) +t <m> equating components gives y = b + tm

Z C n Z=cC+tn
These are the parametric equations of the line.
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In Symmetric or Cartesian Form

We can eliminate the parameter, t, to obtain the following
x—a y—b z-c

[ m n
This is called the symmetric form of the equation of a line through (a,b,c)

[
in the direction <m>
n

NOTE: If any of the direction vector is zero, the parametric equations
should be used.

Finding the equation of a line given two points on the line

A particular straight line in space can be precisely specified in a variety of
ways: a) by means of two points
b) by means of one point on the line and the direction vector of
the line
c) as the intersection of two planes (see later)

Examples
1  Find the equation of the line joining the points A (1,0,2) and B (2,1,0)

1
AB = b—a= ( 1) This is the direction vector of the line.
—2
A (1,0,2) lies on the line.
Substitute into x;a —¥YP _z<¢
le = y;O = Z__ZZ in symmetric form
x=1+t
y=t in parametric form
z=2—-2t
NOTE: B (2,1,0) also lies on the line, giving
; x=2+t
== andy =1+
z = =2t

m n

x=2 _y-1
1 1
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This illustrates that the equation of a line is not unique.
However, subtracting 1 from each part of the first equation does create
the second equation.

An alternative check, to show that the lines are the same, is a point on
one line lies on the other and their direction vectors are parallel.

2

Find the symmetrical form of the equation of the line through the
point (6,3,-5).

4
a) indirection (—8)

7
y—10 z+8

b) parallel to the line Z = X— =Z=
3 -2 13

x—6 _y—3 _ z+5
4 -8 7

3
b) direction :<_2> ’ x—6 _ y=3 _ z+5
13

a)

Exercise 3

1

Find the symmetrical and vector equation of the line through the

3
point (5,—2,6) in the direction (1) :
4

Find the symmetrical and vector equation of the line through the
x+5 y-13  z-4
3 -2

point (2,—3,—7) in the direction

Find the symmetrical equations of the lines joining the following pairs
of points

a) (3,2,-7), (5,-13,-4) b) (-8,-13,-9), (12,7,1)

c) (3,0,0), (0,0,5) d) (0,0,0), (-10,4,-6)
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The Equation of a Plane

The normal vector, n, of a plane is perpendicular to the plane if it is
perpendicular to every vector which lies on the plane, II.

The Equation of a Plane in Scalar Product Form of the Vector Equation
Let n # 0 be a fixed vector and let P

with position vector p be a fixed point.

Let IT denote the plane through P
normal to n.

Let X with position vector x be a
variable point.

Then the following statements are equivalent:
() XliesonlIl
(i) n is perpendicular to PX
(i) n.(x— p) =0
Therefore n.x— n.p=0
P
This equation is true if and only if X lies on II.
Since n and p are fixed, n.p = k where k is a constant.

1S IS

> Nn.x =

Therefore the equation of a plane can be written in the form n.x = k
where k is a constant, n is the normal vector to the plane and x is the
position vector of any point on the plane.
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The Equation of a Plane in Parametric Form for the Vector Equation

Consider the plane IT which is parallel to

vectors u and v (where uis not parallel to v)
and which also contains the point A whose
position vector is a.

Let R be any point on IT with position

vector r and so 4R lies on II.

If R is any point on this plane, AR = Au+ uv
where A1 and u are parameters.

If r is the position vector of R, r = a + AR
le. r=a+ Au+ uv.

Thus any equation of the form r = a + Au + uv, where 1 and u are
parameters, represents the plane parallel to the vectors u and v and
containing point a.

The Equation of a Plane in Symmetrical or Cartesian Form
In coordinate terms, if n = ai + bj + ck and x = xi + yj + zk then the

equation of the plane, with the aid of the scalar product is written

a\ /X
<b>.<y>=k orax+by+cz=k

(o Z
a

NOTE <b> is the normal vector. Its components are called the direction
Cc
ratios. If this is equal to the unit vector then the components are direction

cosines.
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Examples
1  Find a parametric equation of the plane containing the three points
A, B and C whose coordinates are (2,1,3), (7,2,3) and (5,3,5)
respectively.
The position vectors of A, B and C are
a=2i+j+3k,b=7i+2j+3kand c =5i + 3j + 5k

AB = (7i+2j+3k)— (20 +j+3k) =50+
AC = (5i+3j +5k) — (20 +j + 3k) = 3i + 2 + 2k

The parametric equation is therefore
r=a+Au+puv

r=2i+j+3k+A(5i+j)+u(3i+2j +2k)

2  Find the Cartesian equation of the plane containing the points
A (0,1,-1), B (1,1,0) and C (1,2,0).

E:g—fG)_(i):G)

1 0 1
e ()
0 —1 1
I j k ~1
ABxAC=|1 1 o =<O)This is the normal vector.
0 1 -1 1

The equation of the plane is of the form -x + z = k.
Since A (0,1,-1) lies on the plane, substitute in the above
equation to find k.

—0+(-1)=k =2k=-1

The equation of the planeis-x+z=—-1o0orx—z = 1.
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3  Find the Cartesian equation of the plane through (-1,2,3) containing
the direction vectors 8i + 5j + k and —4i + 5j + 7k.

The normal vector n is perpendicular to both the given vectors

ik 30
son=|g8 5 1|[=1-60|.
60
Any vector parallel to n will be perpendicular to the plane, so

1
take n = <—2).
2

The equation of the plane is therefore in the form
x—2y+2z=k
Since A (-1, 2,3) lies on the plane, substitute in the above
equation to find k
(1) —-212)+2Q)=k = k=1
The equation of the plane is x — 2y + 2z = 1.

4  Find the Cartesian equation of the plane containing the point

P (3,-2,-7) and the line == = 2 = 22,

The points P (3,-2,-7) and Q (5,0,-6) lie on the line.

ra=(0)-(2)-(2)

3
The direction of the line is (1)

@

The equationis 7x — 5y —4z =k
Substitute P (3,-2,-7) into equation gives
73) —5(-2)—4(-7)=k = k=059
7x —5y —4z =59

o X

L
n=12 2
3 1
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It will not always be possible to find an equation of a plane for three
points.

Consider the points A (1,2,3), B (0,3,2) and C (3,0,5).

w-e-ee)-()-(2)

0
The normal vector is <0> which is impossible.
0
Therefore the points A, B and C must be collinear and an

infinity of planes must pass through A, B and C.

. —1 . 2 —1
Notice AB =< 1 )andAC = (—2) = —2( 1 )
—1 2 —1
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Exercise 4

1

Find the Cartesian equation of the plane
3

a)  with normal (—2) and through the point (3,-1,1)
7

b)  with normal 2i —j—k and through (4,1,-2)

Find the Cartesian equation of the plane through the given point,
containing the stated directions

4 1
a) (1,2,-3), (—2) , (1)
3 0

b) (1,-11), 3i—5j— 7k, —4i —j + 6k

Find the Cartesian equation of the plane through the following sets of
three points

a) (2,1,3), (41,4), (2,3,6)

b) (3,0,0), (0,50), (0,0,7)

Find the Cartesian equation of the plane containing both the point
and the line given

x = —4t
a) ((58-4), y=5+t
z=-1

x=1 _y+7  z-3

b) (2; _5)3); _3 5 >

' x-1 z-1 x+1
A plane is parallel to — = % y

=2_ and == =2 =2 it also passes
4 -1 2 1
through the point (1,0,-1). Find its equation.

A plane passes through the points (0,1,2) and (1,-1,0) and is parallel
1

to the direction (—1). Find its equation.
1
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The Angle Between Two Lines

The angle between two lines is the angle between their direction vectors
and can be found using the scalar product.

Example
Find the size of the angle between thelinesx -1 =y =2z—-1 and
x=1+t y=>5t z=—t.

The lines can be expressed in the symmetrical form

x__1=X=Z;1 and x__lzlzi
1 1 1 1 5 -1
1 1
The directionsare| 1| and | 5
1 -1
cosO = ab
|a||p]
f=—r=-
CcOS _-J§X3J§__9
6 = 56.3°

The Angle Between Two Planes

The angle between two planes is equal to the angle between the two
normal vectors.

Example
Find the angle between the planes x + 2y + z=0and x + y = 0.

1 1
The normal vectors are a = <2) and b = (1)
1 0

ab
|a|
3

cosH=\/gxﬁ= .

T
0=3

cosf =

=
1S
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The Angle Between a Line and a Plane 'X
Norma

If 8 is the angle between a line and the normal
vector to the plane, then 90 — 6 is the angle
between the line and the plane.

Plane

NOTE
() 90 — @ is the angle between the line and its projection on the plane.
(i) 90 — @ is the smallest angle between the line and the plane.

Example
Find the angle between the line x =t,y =t,z=0and the plane x +z =10
1 1
Direction Vector= <1) and Normal Vector = (0)
0 1
f=——=-
COoSU = NN =3
6 = 60
90 — 0 = 30°

The Intersection of Two Lines

Two distinct lines in a plane are either parallel or intersecting.
In three dimensions there are three possibilities: they may be parallel,
intersecting; or skew (neither parallel or intersecting).

The following example demonstrates how to find whether two lines
intersect and if they do, how to find the point of intersection.
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Example

. x+9 +5 zZ+1 . x—8 -2 z—5 . x—8 -2 Z+15
Line 1 =2 Line 2 =22 = Line3XZ= =222
4 1 —2 -5 —4 8 5 —4 8

a) Show that lines 1 and 2 do not intersect.
b) Find where lines 1 and 3 intersect.

a) Ifthere is a point (p, q,r) lying on both lines then
p+9 _ q+5 _ r+1 — 21 and p—8 _ q—2 _ r—5

4 1 2 —4 s M

Thereforep =441—-9=—-5u+8 4)
q=A—5=—4u+2 (5)
r=—-2A-1=8u+5 (6)

(4) 4A+5u=17

B) A+4u=7

Solving together gives A =3 and u = 1.

Now substitute in to (6): LHS=-7 RHS=13

Since LHS#RHS, equation (6) is not satisfied so lines 1
and 2 do not intersect.

b) If there is a point (p, g, r) lying on both lines then
p+9 _q+5 r+1 1 and p—-8 q—-2 _r+15

4 1 -2 —4 8

Therefore p =41—-9=-5u+8 (7)
q=A—-5=—-4u+?2 (8)
r=—-21-1=8u—-15 (9)

(7) 4A+5u=17

8) A+4u=7

Solving together gives A =3 and u = 1.

Now substitute in to (9): LHS=-7 RHS=-7

Since LHS=RHS, equation (9) is satisfied so lines 1
and 3 intersect.

Using A =3 (or u = 1) in (7), (8) and (9) gives
p=3,q=—-2,r=-7

Lines 1 and 3 intersect at (3, —2,—7).
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The Intersection of Two Planes

Two non-parallel planes will always meet in a straight line. Given the
equation of two planes, we can proceed as follows:

Example
Find the equation of the line of intersection of the planes
3x —5y+z=8and 2x—-3y+2z =3

Method 1
For any point (x, y, z) which lies on both plane, the values of x, y and
z fit both equations simultaneously. Hence eliminating z from both
equations (by subtraction in this case) gives x — 2y = 5.
There are infinitely many pairs of values of x and y which satisfy this
equation, but if we choose a value of x then the value of y is fixed
and vice versa.
Let y = t, then x = 5 + 2t and substituting these expressions for x
and y into 3x — 5y + z = 8 gives
3(6+2t)—-5t+z=8 = z=-7—-t

x=5+2t
The parametric equations of the line are y =t

z=-—7—t
The equation in Cartesian form is xz;s = % = Z_—+17

Method 2
To find the equation of a line, we require its direction vector and a
point on the line. The direction vector of the line is perpendicular to
both normal vectors of the planes.

3 2
Normal vectors of the planes are a = (—5) and b = <—3>
1 1
The direction vector of the line of intersection must be parallel to a x

b
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i ]k -2
axb==[3 —5 1 =<—1)

2 -3 1 1
Letz =0, hence 3x — 5y =8and 2x — 3y =3
Solving these equations simultaneously gives x = =9,y = =7
Therefore (—9,—7,0) lies on the line

The equation of the line in Cartesian form is

X+9 _y+7 _ z Xx-5 'y _ z+7

2 -1 1 -2 -1 1
Subtracting 7 from each part gives xT_S =

The Intersection of Three Planes

If we consider the equations of three planes together then various
situations can occur:

a) There is a unique solution
There is a single point of intersection.

b) There is a linear solution. In this case
there are infinitely many points which are '

common to all three planes.

c) There are no solutions =
(i) The three planes are parallel =~
=~

(i)  Two are parallel
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(i) One plane is parallel to the
intersection of the other two.

Example
A: 2x—y+5z=—4
1 Show that the planes B: 3x —y +2z=-1
C: dx—y—z= 2
intersect on a line and find the equation of the line.
Method 1
Plan
- find the line of the intersection of two planes (say A and B)
- use one of the methods on page 25-26
- show that this line is parallel to C
- show that a point on the line lies on plane C
- the last two points show that A, B and C lie on a line

2 3
The direction vector of the line is (—1) X <—1>

(%

5 2
L 2x—y=-4
Let z = O: 3x—y = —1
Subtract x =3
y =10
So the line of intersection of A and B is x;3 = ylllo = ;

4
The normal to C is (—1)
—1

3 4
(11).(—1)=12—11—1=0
1 -1

Hence, plane C is parallel to the line.

(3,10,0) lieson thelineand 4 x3—-10—-0 =2

So (3,10,0) lies on C. Hence plane C intersects A and B on the
line given above.
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Method 2
Plan - use Guassian Elimination

2 -1 5]|—4
3 -1 2 —1]
4 -1 =11 2

2 -1 5 |—4
0 1 -11 10]
0 O 010

The line of zeros indicates a redundant equation so the planes
intersect on a line.

FromRow 3.z =t

FromRow2: y—11z=10 = y=11t+ 10

FromRow3:2x —y+5=—-4 = x=3t+3

Therefore the equation of the plane is x;3 = y:O =

z
1

2  Show that these planes do not intersect at a common point or line
x—y+z=10
2x—y+3z=5
4x —2y+ 62z =7

1 -1 1]10
2 -1 3 5]
4 -2 e6l7
1 -1 1] 10
0 1 1 —15]
0 0 0l =3

The last line gives 0z = —3 which is impossible.
Hence the planes do not intersect at a common point or a line.

Exercise 5

1  Calculate the acute angle between the following pairs of lines:
a) ==X x=3t+3,y=12z=—4t—2
b) x—-1=y=z-1, x=14+¢t, y=5t z=—t
x+4 y—1 z+3 x+1 y—4 Z—=5
C) = = , = =
3 5 1 1 1 2
d) r=4i—j+A{+2j-2k), rT=i-j+2k—pui+4j— 4k
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Find the acute angle between the following planes:
a) 2x+2y—3z=3, x+3y—4z=6
b) 5x—14y+2z=13, 6x+7y+ 6z = —23

9 (=)= ()=
d) r(i+j+k)=1 r(i-j+k)=0

Find the acute angle between the following lines and planes:

a) I=X2=22 x-2y+4z7=-3

b) x;2=y21=2;:3, 2x —y — 2z =4

) = =22 fox+2y-11z=3

d) r=i—j+Ar(i+j+k) r(i-2+2k)=4

Find the coordinates of the points of intersection of these lines:
x-4 y-8 z-3 x-7 _y—-6 _ z-5
1 2 1’ 6 4 5
x=2 _y-9 z—13 x+3 _ y=7 _ z+2
-1 2 -3

a)

Find the equation of the line of intersection of the following two
planes:

a) x+y+2z=2, x—y—z=5

b) 2x—y=3, x+y+4z=1

c) 2x+3y+z=8 x+y+z=10

Find the co-ordinates of the point of intersection of the following line
and plane:
a) x=4+t, y=1—-t, z=3t, 2x+4y+z=9

x-1 _y-2 _ z-1 _ _
by == "=T—, x-2y+3z=26
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8a)

b)

9a)

b)

. ; -1 -2 -1 .
A plane contains the line xl =7 == Zz and the plane is parallel to

. X +7 Z
the lineX =22 =2
1 2 3

Find the equation of the plane.

Find the co-ordinates of the point A in which the line L with equation

x;’l = y__lz = Z:3 meets the plane II with equation 3x —y + z = 10.

Hence find the equation in cartesian form for the line through A lying
wholly in the plane and perpendicular to the line.

Find the parametric equations for the line L joining the points
A (2,-4,3) and B (4,0,-5).

Verify that L is perpendicular to the line M joining the point A to
C (-2,-6,1).

10a) Show that the line L with parametric equations

x=2—-t, y=—-3+2t z=-1—-4t
lies on the plane IT with equation 2x + 3y + z = —6.

b) Find the parametric equations for the line M through the point

(3,2,-4) perpendicular to II.

c) Prove that M meets II at a point lying on L.

11a) Show that the line L joining the points A (2,1,-1) and B (3,-2,1) is

perpendicular to the line M with parametric equations
x=11+4t, y=3+2t, z=1+t.

b) Find the equation of the plane II through L perpendicular to M and

prove that IT meets M at a point C equidistant from A and B.

12a) Find the parametric equations for the line joining A (1,-1,2) and

B (4,5,-7).

b) Prove that AB intersects the line with parametric equations

x=6+4t, y=2+t, z=1+4 2t atright angles.

c) Find the coordinates of the point of intersection of the lines.
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N7 Integration MAC 1.3

Standard Indefinite Integrals

fx) j £(x) dx
XN xn+1
+C
n+1 -
ax+b)" + p)™*
(ax+b) (ax +b)™T
an+1)
sinx -cosx+C
COSX sinx+c
sin(ax+b) -icos(ax+b)+C
cos(ax+b) “sin(ax+b) +C

In addition, the following trigonometric identities were useful.
sin?x = %(1-0052x)

COS2X = %(1+c052x)

Exercise 1. Integrate the following functions

a) f(x)=8x3 b) f(x)=— ¢) f(x)=vx
d) 9= ) 109="5" f) f00="2"
9) 1(9=(3x+4)° ) 109=(1-20" ) (9=
) f(x)=— K) f(x)=—" ) f(x)=sin3
) 100= ) 109=— ) f(09=sin3x

m) f(x)=cos (% x) n) f(x)=sin?x 0) f(x):cosz(% x)
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New Integrals

fx) j £(x) dx
ex e*+C
eax+b leaX+b+C
a
L lIn(ax+b)+C
ax+b “
sec?x tanx+C
sec’(ax+b) %tan(ax+b)+C
COSec?x cotx+C
cosec?(ax+b) %cot(ax+b)+C
Examples:
a) [e**dx = %ezx +C b) [el™¥dx = —%el"sx +C

c) fﬁdx = éln(Bx +2)+C d) [sec?(4x —3) = itan(élx —3)

Exercise 2: Integrate the following functions

a) f(x)=e5 b) f(x)=e™ c) f(x)=3e>
d) f(x)=o &) f0)=— f) f0=5
g) f(X)=(e* + e™)?2 h) f(x):l;fx ) f(x)=e** +e%
) 0= K) ()= ) f()=—

m) f(x)=sec?4x n) f(x)=sec?(Tr+2x) 0) f(x)=7cosec?2x
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Definite Integrals

Reminder: f:f(x)dx = F(b) — F(a) where F'(x) = f(x)

f:f(x)dx = — fbaf(x)dx

Examples: Evaluate
a) —dx
X

5
D) L=

1

dx

5 _1
= [/ 2x—-1)"2dx
15

. [(Zx—l)E]
2% )
115

_ [(Zx - 1)7]
1

SN
=2

d) [Zcsec? %x dx

f)

60

2
T

= [Ztan % x]zn

2

= Ztan% — (Ztan (— %))

=2X1-2x%x(-1)
=4

f;ﬁdx

= [2In(x - 3)]3
= 2In2 — 2inl
= 2In2

= [n4



Exercise 3: Evaluate

D [F(E-L)ax b fg (Vi-£)ax o [EEax

Vx

6 1 1 12 1
d) [, Vx+3dx e) J, ey 4 ) [ (x—4)zdx
9) J#cos3xdx h)  [Zcosec?xdx ) 02n sin®xdx
4
D[ e dx ) et *dx ) flerdx
9 1 11 0 1
m) fS x-3 dx n) fO 3x+2 dx ) f—4 1-2x dx

Integration by Substitution: Substitution not given

It is sometimes difficult to reduce an integral to one of the standard
integrals. Such integrals may be made simpler by changing the variable
by means of a substitution of a new variable.

For this method to work, one part of the function must be a derivative of
another part. Every part of the function will need to be written in the new

variable, however the answer should be given in the original variable.

Examples: Complete the following integrations

a) j . ces Let u=1+2x°
x*(1+ 2x°)°dx
| U_10x4
The integral becomes 1d§ g
jiug’du o
10
_ 2 X w + C
107 4

= i(1 +2x°)*+ C
40
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b)

d)

ijexzdx

The integral becomes

j edu

=e+C
—eX’ 4+ (

j sin®xcosxdx

The integral becomes

fuzdu

u3

=—+C
>+

= Lsinx +C

—3smx

Inx

X
The integral becomes

j udu

—u2+c
2

1
=3 (Inx)?> + C

[
GS+1)3
The integral becomes

1
ﬁdx

1
= — _3d
jsu u
—1><u_2+C
57 22
B 1

= — C
10(x> + 1)2 *

Let u=x?
EE:2x
dx
du=2xdx

Let u=sinx
du
—=COSX
dx
du=cosxdx

Let u=Inx
du _ 1

dx X

du = ldx
X

Let u=x°+1
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f) j 2x Let u=x*+4

XZ+4 Z_”:ZX
. X
Thle integral becomes du=2xdx
j —du
u
=lnu+C
=In(x*+4)+C
9) j . Let g;co§x
| —=-sinx
_ j SInX . -du=sinxdx
COSX

The integral becomes

1
j——du

u
=—lnu+C
= —In(cosx) + C

Examples f and g demonstrated the special integral of the form

f'(x)
f(x)

dx = In[f(x)]+C

Exercise 4. Complete the following integrations

a) [x(x?—3)%dx b) [x2(x3—1)%dx c) [xV1—x2dx

3

d) [ cosxsin*xdx e) f(1—§2)3 dx f) flix‘* dx
sinx eX . sec?x

g) fcos3xdx h) f3ex—1 dx I) ftanx dx
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Integration by Substitution: Substitution will given

In this type, one part of the function will not be a derivative of another part
but the appropriate substitution will be given. As with the previous
examples, every part of the function will need to be written in the new
variable and the answer should be given in the original variable.

Examples: Complete the following integrations

a) [ xV3x — 2dx where u=3x-2 Let u=3x-2
The integral becomes du_
1 11 g
jg (u+ 2)u2 §du gdu—dx
13 21 3x-2=u
125 2 23 X==(u+2)
975" T 3"
2 5 4 3
= — —2)2 + — —2)2
15 (3x—2)2 + 7 (3x—2)2+C
b) [x(x + 2)>dx where u=x+2 Let u=x+2
The integral becomes %z
X
f(u — 2)u’du du=dx
X+2=u
= j(u6 —2u®)du X=U-2
~ul o 2u® ic
7 6
1 1
==(x+2) —-(x+2)°+C
7 3
c) | = —dx where u=x+4 Let ud:x+4
u
The mtegral becomes —-1L
u-— d du=dx
5 u X+4=u
1 X=u-4
- [ (- w)a
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(x+4)2—8(x+4)2+C

Exercise 5: Integrate the following functions
a) [9x(3x+ 2)3dx whereu =3x + 2

b) [7x(2x + 3)°dx whereu = 2x + 3

c) [3xv1+xdx whereu=1+x

dx whereu = 2x + 3

d)f

A Special Substitution

In integrals which contain va? — x2, the substitution x = sin® can be

used.

Examples: Complete the following integrals.

a) f\/ 1 — x%2dx where x = sin®

The integral becomes
j cos?0do

1
= jz(l + cos260)d6

—j(1+1 29)d0
= | (5t 5c0s

= Lotten2e 4
—2 4sm
= L sin x4 o TR 4 C
—Zsm X ZX X
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Let x = sin0
X _ cos@
— = C0S
dx = cos6do
\/1—x2 =\/1—sin26
= Vcos?%6
= cosf
sinf = x
0 = sin"1x
sin26 = 2sinBcoso
= 2xV1 — x?



b) x?
j dx where x = 3sinf

V9 — x?

The integral becomes
9sin®63cosO

[ 0

3cosf

= j9sin29d9
9
= ff(l — c0s260)do

—f(g i 29>d9
= 5 ZCOS

—99 i n26 + C
=3 4sm
9 x 9 2

= _oin 1——_x— — x2
zsm 372 9x 9—xc +C
L -y R,
—Zsm 3 zx X

Exercise 6: Integrate the following functions

a) [-—==dx wherex = sinf

V1—x2

b) [V4—x2dx where x = 2sinf

c) [-—==dx wherex = 3siné

V9—x2

x2
N e

dx wher x = 2sin@

66

Let x = 3sinf
ax _ 3cosf
do
dx = 3cos6do
\/9 —x2 = \/9 — 9sin?6
= V9co0s26
= 3cos6
3sinf = x
sing ==
3 X
0 =sin"1=
3

3c0s0 =+/9 — x2
cosO = §\/9 — x2
sin26 = 2sinBcosb
= 2§><§\/9—x2
= 2x\9 — x2
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Substitution and Definite Integrals

We can avoid going back to the original variable in the following questions
by also changing the limits on the original function. The substitution may
or may not be given.

Examples: Evaluate

a) 2 , . Let u = x? + 4x

f (2x +4)(x“ + 4x)°dx du

Trlg integral becomes du = (2x + 4)dx

j x=1=u=1*+4(1)=5
[ ]12 x=2 =u=22+42)=12
124 4
—— = — =5027.75

4 4
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1 dx —
b) Jy ey Where x = tanf Letd’; = tand

_ 2
The integral becomes 78 Sec 0
_ 2
4sec 20 dxz— sec 9d92
j 15 a0 1+x“=1+tan“6
0 Sﬁc 0 . sin%@
4 - cos?0
= j cos*0do _ cos?6  sin?8
O C01$29 cos?%6
= f ( + = 00529) ~ cos?0 )
2\2 _ _ 4
° T (1+x) _60549_SeC9
1 1 4
= IEQ + ZSLTLZH] tanf = x
0 0 = tan"1x
= x=0= 6=tan"10=0
1><7T+1SLnZ><E X=1=x~9=tan‘11=%
274 4 4
(1 X0+ L 2 X 0)
> 4sm
= 7T+ Lsin ™ 0
=3 4sm2
_ Tl,'+ 1
8 4

Exercise 7: Evaluate

3 d
a) [° —x where u = Ilnx
e xin

2
b) f: xixz_+24) dx whereu = x* — 2

T
c) J2sinxcos*xdx whereu = cosx
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The Area Enclosed by the Curve and the x-axis

This has been covered at higher. The area between y=f(x), x=a, x=b and
the x-axis is f: ydx = f:f(x)dx = F(b) — F(a) where F(x) is the integral
of y=f(x).

Examples: Find the areas enclosed by
a) f(x)=x?+2 between x=1, x=3 and the x-axis. 4

The area is above the x-axis.

ff(x2 + 2)dx

S 2
= [?+2x]1

33 13
=>+2x3-(G+2x1)
=9+6—(+2)
=12§units2

b) f(x)=x?-4x-5 between x=-1, x=5

The area is below the x-axis.

v

1
=2 2052 -5(5) - (SX - 2(-1)2 - 5(-1))

3
=2-50-25— (> —2+5)

78

3

The negative value indicates the area is below the x-axis as shown.
78 .
Area = ?unltsz
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c) f(x)=x?-3x+2 between x=0 and x=3. 4
Some of the area is below the x-axis. A
Area 1l = fol(x2 — 3x + 2)dx \V

[« 3x? 1
=[5 -5+2,
3 2 3 2
= -Zhyox1- (T -ZT+2x0)
3 2 2
_ 2
6
Area 2 = flz(x2 —3x + 2)dx
[« 3x? 2
=[5 -5 +2]
3 2 3 2
= - iox2- (3 -Z5+2x1)
3 2
- _1
6
Area 3 = f23(x2 — 3x + 2)dx
_[x3 3x? 3
=[5 -5+ 25
2 3 2
=2-Z4ox3- (3 - +2x2)
3 2 2
_ >
6
Total Area = 2+~ +2
6 6 6
= 12 units?
6

Exercise 8

1  Find the areas enclosed by the following curves and the x-axis
between the lines given:

a) y=3x?+2, x=0 and x=2 b) y=x3-x, x=1 and x=2

2  Find the area enclosed by the following curves and the x-axis:

a) y=6+x-x? b)

70

y=x(x-2)(x-3)
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The Area Enclosed by the Two Curves

The area enclosed between two curves has already been met at Higher.

Area = f:(f(x) — g(x))dx
where the curves f(x) and g(x) intersect at x = a and x = b provided the

graph of f(x) is above the graph of g(x), their positions relative to the
X-axis.

Examples: Find the areas between
a) y=x(4-x) and y=x
The curves meet where Xx(4-x)=x
x2-3x=0
X(x-3)=0
x=0 and x=3
Area = fog(x(4 —x) — x)dx

= [7(3x — x¥)dx

v

3x2 x3] 3
L2 310
3x32 33
= ——=-=0
2 3
= Zunits?

b)  y=(x-1)>+4 and y=5+4x-x2 A
The curves meet where (x-1)>+4=5+4x-x?
2%2-6x=0
x=0 and x=3
Area = fos((x —1)%+4— (54 4x —x%))dx
= f03(6x — 2x%)dx
_ [2,2 _2%7]3
- [3x 3 ]()

2x33

=3x32-2_9
= Qunits?
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Exercise 9: Find the areas enclosed by the following curves

a) y=x(10-x) and y=4x b) y=4x-x? and y=x?-4x+6
c) y=2Jxandy= xzz d) y=x3+x?-5x and y=x?-x
e) y=sinx and y=cosx e) y?=4ax and x’=4ay

between x=0 and x=21r

The Area Enclosed by a Curve and the y-axis

The area between x=f(y), y=a, y=b and the x-axis is

ff xdy = f: f(y)dy = F(b) — F(a) where F(y) is the integral of x=f(y) and
F(b) and F(a) are the values of F(y) at y=a and y=b.

Examples:
Find the areas enclosed by the curves, the lines and the y-axis.
a) y=x? y=1andy=4 N

From y = x* we get x = \/y.

4 1
Area = [ y2dy

v

_[2 ;] 4
= 3y 1
3 3
=Zx4:-2x12
3 3
14 )
= —units
3
b) y=x3, y=1andy=8
From y = x? we get x = 3/y.

v

1
Area = fls y3dy 7
= [253]®
4 4
=3x8 -32x13
4 4
= 11iunits2
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Exercise 10
Find the areas enclosed by the curves, the y-axis and the lines given:

a) x=y*y=3 by y=xy=1y=8
c) x=\/%,y=2,y=3 d y?2=1-xy=0,y=1
e) y=x—13,y=8,y=27 ) y=lhx,y=2y=5

New Special Integrals

Integrals of the form [ dx and [ dx

1 1
Vi-x2 VaZ-x2

dx =sin"1x +C

If f(x) =sin"x = f(x)—\/— then f\/li—xz

If f(x) =sin™?! (g)
> £/ =

then [

\/—_x

In general | [———dx = sin™? (g) +C

dx
If f(x) =tan™x = f(x)— f1+x2dx—tan Ix +C
— 1(X
If f(x) =tan™ (3)
bon 1_ 1 1 1 3
= f(x) = ( )2 X3 1+? 9+9x2 X3 9+3x2 9+x?2
then [ —dx = tan™! (—) +C so [—dx =-tan™! (—) +C



In general |[——dx = %tan‘1 (g) +C

a+x?2

Examples: Integrate the following

1

a) [-——=dx =sin"1 G) +C b) [ dx = ~tan™! (g) +C

V16—x2 36+x2 6
1 1 1 1 1
c) f—r—gxz dx = —9(§_x2) dx d) [o—=dx= Zf%+x2 dx
9
= [———dx =xstan (2] +C
> G-) g 3
1 -1 2X
= —-tan — )+ C
=§sin"1<%>+C 6 (3)
3
1. -1(3%
=3Sin (5 +C
Exercise 11
1 Integrate
1 1 1 1
) fmdx b) f49+x2 dx °) fmdx d) f100+x2 dx
&) [——=dx f) [——d [——dx h) [——d
) V36—25x2 X ) 36+25x2 X g) V36—9x2 x ) 25+4x2 X

2  Evaluate
a) [PZdx b)) [P adx o) f=sdx ) [0 —dx

1 1+4x2 0 4—x2 > Vi—x2 O+ x2
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A Variety of Integrals

All of the integrals below have been met before:

1
ax+b

1
(ax+b)™

1

a?+x? dx

/

dx

J

J

1

bx
a+x?

bx+c
a?+x2

dx

/

/

J

Examples: Integrate

a) [ dx =2ln|2x + 1|+ C
2x+1 2
b)‘fitZEdC?::-_lnll —'C” +C

These are of the form I?Zbdx'
This is the standard integral with
solution %lnlax +b|+C

= —4 This is of the form:
c) f(z o dx = [(2x + 1) *dx N ——
_ (x+1)7 [(ax + b)"dx =t C
ot +C
"~ 6(2x+1)3
d) [— dx =>tan™? (E) Iy, This is the standard integral:
e [ = dx = rant () + ¢
aZ+x2 x'_'a an
e) [ —dx = _f (_ + _) dx The denominator can be factorised
amx 2tx - 2-x and therefore partial fractions are
= (ln|2 + x| — In|2 — x|) + €| used to create an integrand we can
= 2(n|2 + x| - In]2 — x| + In4) | deal with. _
1 1A@+n Finding partial fractions was
- Zln| 2—x covered in Unit 1, the detail has not
been shown here.
f) [—2=d _f 2x This is very similar to d) but the
44x

= 51n(4 +x2) +C

solution is very different. The
integral is rearranged so that the
numerator is the derivative of the
denominator. Then:

flex)
0 dx =In|f(x)|+C
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This is a combination of d) and f).

g) f x+2

4+x2

= Eln(4 +x2) + tan~1 (E) +C

The above list of integrals is not exhaustive. The following exercise
contains the six types and also questions that require the substitution
method from Unit 1 and integrals giving rise to sin"x.

Exercise 12: Integrate

5
) f(1—ix)2 dx o) f1—9x2 dx ¢ f9+ 2 d) fEdt
6 x4 x+3
e) f\/wdQ f) f9+ 2 9) f(x5+1)3 dx h) J 2_|_9

) [ o dt Do K g ) [ = dx
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More Partial Fractions
Expressing a rational function as a sum of partial fractions was covered in
Unit 1.

We will apply these techniques to integrating rational functions.

Type 1 Examples: Integrate

x+16
a) foZx—6
x+16 A B
Let 2x2x—6  2x—3  x+2
x+16 =A(x+2)+B(2x —3)
Setx =-2 14=-7B = B=-2
Setx =2 274 > 4A=5
2 2 2
The integral becomes C and InK are
f( > _ —) dx = —ln|2x —3|=2In|lx+2|+C both constants.
2x-3 xX+2 It can be useful
. 2 2 to write the
= n(2x — 3)2 —n(x+2)*+InK | _ .
K(Zx—S)g single logarithm.
(x+2)2
2x3+7x%-2x-2
b) f 2x2+x—6 dx

3 2_ _

By long division XX —2X72 — x4 3 4 120

2x24x—6 2x24+x—6
x+16 5 2

As above — = —
2x“+x—6 2x—-3  x+2

The integral becomes

5 2 1 5
3 — dx = —-x%+3 —In|2x — 3| — 21 2 C
j<x+ +2x—3 x+2> X Zx + x+2n| X | nlx + 2| +

Exercise 13: Integrate

x+8 x2 x2—-6x-7
a) f(x+2)(x+4) dx b) fx2—4 dx C) f(x—l)(x—z)(x+3) x
x%2-2x— 13 6x2+20x-8 3 2
)f x2-2x-3 e)f 2x2+5x-3 dx f) f2 (x+1)(x-1) dx
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Type 2 Example: Integrate
—8x24+14x—15
(2x—-1)2(x+2)

—8x2+14x-15 A B C
Let (2x-1)2(x+2)  2x-1 t (2x—1)2 T x+2

—8x2+14x—15=AQx —1D(x+2)+ B(x + 2) + C(2x — 1)?
Setx=> —-10=2B = B=—4
Setx=-2 —75=25C = C=-3
Setx=0 —-15=-24A+4+2B+C
A=2
The integral becomes

2 4 3 2 _ 3
[ Ga i) & = [ (G —4@x - D72 - ) dx

4(2x-1)"1

= In|2x — 1| + —3ln|lx+2|+C
Exercise 14: Integrate
3x?2 +x+1 x%-2x+10 25
)fx(x+1)2 )f(x+2)(x 1)2 dx C) f(x—z)z(x+1) dx
5x+2 2 1
d) fxz(x+1) dx e) fl x2(x+1)

Type 3 Examples: Integrate
x—1
a) |

(x+1)(x%2+1)
x—1 _ A Bx+C

(x+1)(x2+1)  x+1  x2+1
x—1=A*+1)+Bx+C)(x+1)
Setx=—-1 —2=24 = A=-1
Setx=0 —-1=A4A+4+C > C=0
Setx =1 0=24A+2B+2C = B=1
The integral becomes

f(_—1+ )dx——ln|x+1|+ In(x*+1)+C

x+1  x2%2+41
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1
b) f(x—z)(x2+1) dx
Let 1 A | Bx+C
(x=2)(x2+1) x—2  x2+1
1=A*+1)+ (Bx+C)(x —2)

Setx=2 1=54 = A:%

Setx=0 1=A4A-2C = cz_g

Setx=1 1=24-B—-C = B=_§
The integral becomes

1 1

f(Er )= (S 2D an
__f( x2 +1_x22+1)dx

_1 _ 91 2 _ ~1
—5(ln|x 2| 2ln(x + 1) — 2tan x)+C

_1 — 2| — L In(x? _2pom-1
=< nfx = 2| —=In(x*+1) —ctan""x + C

Exercise 15: Integrate

3x+1 3x2492x
) f(x D(x2+1) dx b) f(x+6)(x2+1) dx

X 4 2x+1
d) f(x+1)(x2+4) dx €) f3 (x=2)(x2+1) x
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Integration by Parts

We have already used a formula differentiate a product of two functions
u(x) and v(x) i.e. (uv)' =u'v+uv',
Integrating both sides of the above formulae with respect to x gives
[(uv)'dx = [u'vdx + [uv'dx
i.e. wv = [u'vdx + [uv'dx.
Rearranging gives
[uv'dx = uv — [u'vdx.
This formula enables us to integrate a product of two functions and the
method is known as integration by parts.
It is important to pick which function is u and which function is v, care
must be taken to ensure that u'v is simple enough to integrate.

Examples: Integrate Note if we had set it up like this

a) fxcosxdx u=cosxandv' =x
Letu = x and v’ = cosx

u' =1and v = sinx

. 1
u' =sinxandv = Exz

The integral becomes
[ xcosxdx = xsinx — [ sinxdx J 1 f 1

) xcosxdx = =x?cosx — | =x?sinxdx
= xSinx + cosx + C 2 2

This time the integral is no easier than the
original.

b) [ xInxdx

Letu = Inx and v' = x

1 1
u' ==and v ==x2
x 2

1 1 1
[ xlnxdx = =x%Inx — [=x* X =dx
2 2 X
1 1
= -x%Ilnx — [ xdx
2 2

1 1
= Elenx —sz +C
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C) f:xexdx
Letu = x and v’ = e*
u' =1landv =e*

f xe*dx = [xe* fexdx

3

_ X

= [xe* —e ]2

= 3e3 —e3 — (2e? —€?)

= 2e3 — ¢e?
Exercise 16: Integrate
a) [ xsinxdx b) [ xsin3xdx c) [Vxlnxdx d) [ x—13lnxdx
e) [ xe*dx f) [ xcos4xdx g) fon xcosxdx

Repeated Applications of Integration by Parts

Examples: Integrate
a) [ x%sinxdx

Letu = x% and v’ = sinx

u' =2x and v = —cosx
[ x%sinxdx = —x?cosx + [ 2xcosxdx
Letu = 2x and v’ = cosx
u' =2andv = sinx
[ x%sinxdx = —x*cosx + 2xsinx — [ 2sinxdx
= —x2cosx + 2xsinx + 2cosx + C
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b) [ x%e3*dx
Letu = x? and v’ = e3*
u' =2xandv = %e?’x
[ x%e3%dx = %xze” — f%xe”dx
Letu = %x and v’ = e3*

2 1
w=2and v ==e3*
3 3

1 2 2
[ x2e3*dx = =x?e3* — [—xe3x — f—e3xdx]
3 9 9
1 2 2
=-x2e3* —Zxe3* + [Ze3¥dx
3 9 9
1 2 2
=-x%e3* —Zxe3* + =e3* + (¢
3 9 27

Exercise 17: Integrate
a) [ x%e*dx b) [ x?sin3xdx c) [ x%e?*dx d) [ x?cos2xdx

e) [x%e *dx f) [(5x3 + 3x)e*dx g) folxzexdx

Integration by Parts Using a Dummy Function

Functions like Inx, sin™1x, cos 1x, tan™1x do not have a standard integral
but have a standard derivative. In order to integrate them, we introduce a
“‘dummy” function, namely the number 1.

Examples: Integrate
a) [Inxdx = [ 1 X Inxdx
Letu =Inxandv' =1

W =>andv=x
X
flnxdx=xlnx—fxxidx
= xlnx — [ 1dx

=xlnx —x+C
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b) [ sin~txdx = [ 1 x sin" xdx
Letu =sin"'xand v’ =1
and v = x

U = —
V1-x2
[sintxdx = xsin"lx — [

For [

X
V1—x?2
dx use a substitution t = 1 — x?2

dt = —2x

dx

X

V1-x2

[ F=dx = f—z—;dt

X dx
V1-x2
=xsin"lx+V1l1—x2+C

[ sintxdx = xsin"lx — [

Exercise 18: Integrate
a) [tan~lxdx b) [ sin™13xdx c) [ tan™12xdx

d) fsin‘léxdx e) [ cos lxdx f) ftan"lgxdx

9) [ In2xdx h) [(Inx)*dx i) [ 16 Inxdx
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Integrals that Return to Original Form

There are some integrals which return to the original integral that we
started with. We have a special way of dealing with this.

Examples: Integrate
a) [ e*sinxdx
Letu = e* and v’ = sinx
u' =e*and v = —cosx
[ e*sinxdx = —e*cosx + [ e*cosxdx
Letu = e* and v’ = cosx
u' =e* and v = sinx

| e*sinxdx = —e*cosx + e*sinx — [ e*sinxdx [ 1nis s original form.
) f exsinxdx — —excosx + e"sinx Treat it like an equation.

[ e*sinxdx = %(—excosx + e*sinx) + C

b) [ e**cosxdx

Letu = e?* and v’ = cosx

u' = 2e** and v = sinx
[ e**cosxdx = e**sinx — [ 2e**sinxdx

Letu = 2e** and v’ = sinx
u' = 4e* and v = —cosx

[ e**cosxdx = e**sinx — {—2e**cosx + [ 4e**cosxdx}
[ e**cosxdx = e**sinx + 2e**cosx — 4 [ e**cosxdx
5 [ e**cosxdx = e**sinx + 2e**cosx

[ e**cosxdx = %(ezxsinx + 2e?*cosx) + C
Exercise 19: Integrate
a) [ e*sin2xdx b) [ e *sinxdx
c) [ e **cos3xdx d) [ e*cos?xdx
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Mixed Integrals

Exercise 20: Integrate

) fx2+16 o) f 2+16 ©) fxz 16
d) [ 4xe* dx e) [x%e**dx f) ful”i:zx dx

Q) [ % X h) [ xsinxdx i) [ sin®xcosxdx
) [d K [ s e

m) f\/% n) [eG+2¥)dyx 0) [ tan™xdx
P) fx):; q) [ sec’xtan*xdx r fxx—fzdx

s) fg\/%dx, let x = sinf t) [x(x +2)°dx, let u=x+2
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N7 Differential Equations MAC 1.4

A differential equation is an equation connecting x, y and the differential
2
coefficients & and 2.,
dx dx?

For example (1) yZ—i’ + 2xy = x and (2) % - 32—2: + 4 = sinx.

The order of the differential equation is the value of the largest differential
coefficient i.e. (1) is of the first order and (2) is of second order.

In order to solve a differential equation in the variables x and y, it is
necessary to find some function y = f(x) which satisfies the equation.

Let us consider the first order differential equation Z—i’ = 2x + 3.

We know, by integration, that solutions to this differential equation will be
of the form y = x% + 3x + C.

We say that y = x? + 3x + C is the general solution of z—z = 2x + 3.

If we were to draw the graphs of y = x? + 3x + C, for various values of C,

we would obtain a family of curves, each of which has the property that

dy
dx—2x+3.

A particular solution could be found by choosing values of x and y.

Solving First Order Differential Equations by
Variable Separable

Any first order differential equation that can be expressed in the form

d
fON 2= g
can be solved by separating variables.

da
Suppose f() 3 = g(x)
Integrating both sides with respect to x

[fO)Zdx = [ g(x)dx

Jfdy = [ g(x)dx
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Examples: Find the general solution of
1

dy
VY=
1
Jydy = [ Zdx
2
Y -_24¢

X

2
y2=—§+C

24y _

b) x dx—y+3
dy i
|y = zdx

ln|y+3|=—%+C
dy
C)(X+2)a—1
1
y=Inlx+2|+C

dy _ 1+y?
dx  1+x2

dy dy
f1+y2 o f1+x2

tan~ly = tan"lx + C

Exercise 1. Find the general solution of

d d
a) (1+x)=~ = xy b) = = x(1 — y)?
dy . . d
dx(y—1) = 2y e) sinxcosy = sinycosx —

2y%-5
4xy

LW 24y dy _
f)y de—1+x dx g)dx_
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Examples: Find the particular solution of
a) Z—Z = x(y — 2), given x = 0 when y =5,
dy
fﬁ = fXdX
x2
Inly — 2| = - T C
Whenx=0andy =5

In3=0+4+2C
C =1In3
2
lnly—2|=%+ln3
2
lnIy—ZI—ln3=x7
_ 2
ln|y—2 _x
3
y-2  x
N
x2
y=3ez +2

b) (1 +x2)3—z= 4eY, given x = 0 when y = 0.

dy 4
fe_y_f1+x2dx
1

—— =4tan x4+ C
ey

Whenx =0andy =0
—1=0+4+C
C =-1
1 _ -1
> = 4tan” " x — 1
ey = — 1
1-4tan~1x
1
Y= In (1—4tan—1x)
y = —In(1 — 4tan"1x)
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Exercise 2: Find the particular solution of

a) (1 — cos2x) Z—z = 2sin2x when x = % andy =1
b) (1+x2)%= 1+y? whenx=0andy=1
C)%=x(y—2) whenx =0andy =5

ay _ — 2 _ T _
d)dx—\/l y Whenx—6andy_()
e)%=ycosx whenx =0andy =1

dy _m o
ﬂE = tanxtany when x = ? and y = "

9)) ex%=xy2 wheny=1landx =0

Problems Leading to First Order Differential Equations

Examples:
1  The rate at which a radioactive material decays at any instant is
proportional to the mass remaining at that instant.
There are 200g of radioactive material to start with.
The half life is 10 days (this means that there will be 100g left after
10 days, 50g left after 20 days, 259 left after 30 days etc)
a) Given that there are x grams of radioactive material left after
t days, find a formulae for x in terms of t.
b) Find the mass left after 15 days.
c) Find the time taken for the 200g to decay to 30g.

Solution
dx
a) —xXx
dt
dx _
dt
1
f;dx = fkdt
Inx =kt+C
x = ekt+C
x = ekte’

x = Aekt
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Att =0,x = 200
200 = Ae°
A =200
Att = 10,x = 100
100 = 200e10%

0.5 = 10k
[n0.5 = 10k
k = —0.06931

x = 2006_0'06931t
b) x = 2008_0'06931t
x = 2006_0'06931X15
x=70.7g
C) x = 2006_0'06931t

30 = 2006_0'06931t

In (%) — —0.06931t

t =27.4days
At t hours after noon, there are x bacteria in a culture.

The growth of the bacteria is modelled by the differential equation
% = k(";x)x where n and k are positive constants.

a) Show that the general solution of this equation is x =

where A is an arbitrary constant.
b) Given that there are 200 bacteria at noon, find the relation
between n and A.

c) Given also that x tends to 600 as t tends to oo, find n and A.

Solution

a) % _ k(n;x)x
[ (n”_x) dx = [ kdt
let—— =242

x(n—x)_x n—x
n=An—x)+ Bx
Setx=0 n=4An > A=1
Setx=n n=Bn = B=1
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Integral becomes f(% + n—ix) dx = [ kdt

Inx —Inln—x|=kt+C

—x
X
— ekt+C
n—x
X
_Aekt
n—x
n—x _
= Ae kt
X
—kt —pn —x

Ae~ktyq
b) Att=0,x=200 200=-—
A+1
n = 20004+ 1)
c) Asx - 600t 600=—
0+1
n = 600

From above n = 200(4 + 1)
600 = 200(A+ 1)
A=2
An infectious disease spreads at a rate which is proportional to the
product the number uninfected.
Initially, one half of the population is infected and the rate of spread
Is such that were it to remain constant, the whole population would
become infected after 24 days.
Calculate the proportion of the population which is infected after 12
days.
Solution
Let x be the fraction infected and so 1 — x is the fraction
uninfected.

% IS the rate at which the disease spreads.
Hence % < x(1—x)

dx

ol kx(1—x)
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J

Initially, x = ; and % is equal to the constant rate at which the
remaining half would become infected in 24 days.

dx 1

2
dt 24 48
Substituting x = Zand £ = Linto & = kx(1—x)
2 dt 48 dt

i:kxlxl
48 272
.S
12
dx 1
E—E.‘Xf(l—X)
1 1
1) dx = fEdt
1 A B
et s =T 1
1=A(1—-x)+ Bx
Setx=0 1=4
Setx=1 1=8B
1 1 1
J(G+o)de= [t
lnx—ln(l—x)=1—12t+C
Whent=0,x=1 lnl—lnl=0+C
2 2 2
C=0

Inx — In(1 —x) =1—12t

1
X = ettt
—-X
Whent = 12, %=e
X =e—ex
X+ex=e
== =0.73
1+e

73% of the population is infected after 12 days.
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Exercise 3

1

The rate at which a radioactive material decays at any instant is
proportional to the mass remaining at that instant. Given that there
are x grams present after t days, the differential equation in x is

modelled by % = kx.

The half life of a radioactive material is roughly 25 days.
Find the time taken for 100g of the material to decay to 20g.

A pan of water is heated in a kitchen where the temperature is 15°.
When the milk reaches boiling point it is left to cool and after t
minutes the temperature of the milk is ¢ degrees.

The rate of cooling is proportional to ¢ — 15.
The differential equation modelling this situation is % = k(¢ —15).
a) Find the general solution of the differential equation.
b) After 10 minutes the temperature of the milk was 50°.
(i) Calculate the temperature of the milk 5 minutes after it
boiled.
(i) The milk is required when the temperature is 45°.

Calculate how long this takes after the milk boiled.

The population of a small town was 468 in 1980 and 534 in 1990.

Assuming that the rate of increase of the population p, is

proportional to p,

a) write down a differential equation representing the above
information and find the solution to the equation.

b) calculate the population in 2000.

The surface area of a pool is 10000m? and is partially covered with

weeds. At any instant the weeds are increasing in area at a rate

proportional to its area at that instant.

a) If the area of the weed is x m? formed in t days, form a
differential equation.
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b) Initially, the area covered in weeds is 100m? and after 7 days,
the area is 1000m?. Show that:

X 1
In (TCO) = - tln(lO)
c) Find the area of the pool not covered by weeds after 10.5 days.
d) Find the time t, when the weeds cover half the surface of the

pool.

A man is given a drug which causes an initial level of 2mg of the
drug per litre of his blood. After t hours there are x mg of the drug
per litre and it is known that the rate of decrease is x is proportional
to x. After 1 hour, x = 1.6.

a) Calculate the value of x after 3 hours.

b) Calculate the time after which x = 0.5.

A container is shaped so that when the depth of water is x cm, the
volume of water in the container is (x? + 3x) cm?®. Water is poured
into the container so that, when the depth of water is x cm, the rate
of increase is (x?> +4) cm?3/sec.

a) Show that the differential equation for this situation can be

modelled by
dx  x%+4 ) ) i
— = . Where t is the time in seconds.
dt 2x+3

b) Solve the differential equation to obtain t in terms of x, given
that initially the container is empty.

The motion of a particle is such that its speed at time t is given by

dx_l )
dt_z(v v®)

whent =0andv = 0.2.
Express v in terms of t.
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Heat is supplied to an electric kettle at a rate of 2000 watts, but heat
is lost to the surroundings at a rate of 20 watts for every °C
difference between the kettle and that of the surroundings. One watt
causes the temperature of the kettle to rise at a rate of 0.02°C per
minute.

If the temperature of the surroundings is 15°C and 8°C is the
temperature of the kettle after t minutes, the differential equation

modelling this is
do 2
— = 40—;(0 —15)

Assuming that 8 = 15 when t = 0, how long will it take for the
temperature to rise from 15°C to 100°C?

: L dy 1+y?
The gradient of the tangent to a curve is given by —= =

dx tanx’

Find the equation of the curve if it passes through the point (g 1).

95



Integrating Factor Method

Linear differential equations take the form % + P(x)y = Q(x) where

P(x) and Q(x) are functions of x.

To solve this type of equation, we have to multiply all terms by the
integrating factor, denoted by u(x), which converts the whole left hand
side of the equation into the derivative of one function.

For % + P(x)y = Q(x) multiply all terms by u(x)
= u(x) Z + POy = n(x)Q(x)
Now % [u(x)y] = ,u(x)z—i' + % [u(x)]y using the product rule
So we choose u(x) such that i [H(x)] = P(x)u(x)
1 k()] = P(x)

,u(x) dx
= a[ln(,u(x))] = P(x)
= In(u(x)) = [ P(x)dx

,U(X) — efP(x)dx

U

The equation ﬂ(x) d—y + P(x),u(x)y = u(x)Q(x) becomes
u(x)— z =[]y = n()QX)

= a[ﬂ( )yl = u)Qx)

= = [u(x)y] = u(x)Q()

= u(@)y = [ n()Q(x) dx

= y === n(x)Q(x) dx

The solution to ﬂ +P(x)y = Q(x) is
fﬂ(x)Q(x) dx where pu(x) = el P(dx

y_

u(x)
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Examples:
1) Find the general solution of

a) 2 +2=1
P() =1, Q) =1, u(x) = 3™ = el = x

The equation becomes xZ—i' +y=x

d
E[XY]—
xy = [ xdx
x2
xy=—+C
x  C
Y=2

ay _ _ .3
b)xdx+(x 2)y =x
xﬂ+ (x — 2)y = x3 must be written as z—z+x7_2y = x?

PL)="2=1-2, Q) =+

— ( ,z—c) — px—2lnx — px-lnx? _ pxo-—lnx? _ ,x I _ 1
ulx) =e = =e = e*e =e'e st =—e
: 1 ,d -
The equation becomes —Ze"—y +e*X =2 = 2y = X
X
afi, ]
dx x2 y

Fe"y = [e*dx
%exy =e*+ C

Cx?

y = x? T—x

W _ oy = e
C) — — 2y = 6e
P(x) = =2, Q(x) = 6e™*, u(x) = el-2dx = g-2x
The equation becomes e‘zx% —2e ¥y = 6e~3*
i[e—zxy] — 6e—3x

dx
e ?*y = [6e 3*dx
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d) (1 +x2)%—xy =x(1+x?)

2\ _ 2 - ay _ _
(1+x )d xy = x(1 + x“)must be written as T =X
PO) = — oy Q) =x,

_ ! <_(1+xx2)> ¥ _ L —3in(4+x?) _ 1n(1+x2)_% _ 1
.u(x) = e =€ 2 =e ==
The equation becomes —— 2 1 _x o _1

\/—dx mmxzﬂ’ = Vir "

d
[@3’] m

==V = fmdx by substitution

@y=x/1+x2+c

y=1+x*4+ CV1+x?
2  Find the particular solution of + y=2x+4qgiveny =1whenx =0
P(x)=1, Q(x) =2x+ 4, ,u(x) = ef 1dx = ox
The equation becomes ex% + e*y = 2x + 4)e”

d
—le*y] = 2x + 4)e”

ey = [(2x + 4)e*dx
Using integration by parts ey = (2x+4)e* — [2e*+ C
e*y = (2x+4)e* —2e*+ C
y=20+4-2+ -
y=2x+2+ e%

Whenx =0andy = 1 1=2x0+2+- = C=-1

y_2X+2—e—x
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Exercise 4:
1 Find the general solutions of these linear differential equations

a) (x+1) % —y=(x+1)? b) d—y — ytanx = sinxcosx
dy _ 2y 4
C) tanx — + 2y = xcosecx d) dx i 1—x

e)x(x+1)%—y=x3ex )—+y—5c052x
x+1 —x

g)(l—x)Z—Z+xy=(1—x)2e‘x h)—+—y=e

) x(x + 1)% +y =x(x+1)%e™* J) -, T ycotx = cosx

2 Find the particular solutions of these linear differential equations

a)xZ—i+2y=x3Whenx=1andy=2

b) (1+x)2—i+2y=xzwhenx=Oandy=0

C) sinxj—i—ycosxz 1Whenx=§andy= 3
d)x(x+1)2—z+y=(x+1)zexwhenx=1andy=0

e) xZ—z =y + x?(sinx + cosx) when x =§and y=0

Simple Second Order Differential Equations

To solve equations of the form —y = f(x) use two successive

integrations.

d? 1
Example Solve — = —
dy i
dx fxz dx

d 1
Z=—_-tC
dx X

y=f(—i+C)dx

y = —Inx + Cx + D where C and D are arbitrary constants.
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Linear Second Order Differential Equations

Second order linear equations have the form
d? d
ad—x321+ bd—z+ cy = f(x)
where a, b and ¢ are constants.
We look for solutions of the form y = AeP~*.

Homogenous Second Order Differential Equations

2
Let us first consider the case when f(x) = 0 i.e. a% + b% + cy = 0.
If we try y = AeP* as a solution of this equation, then

d d?
& — pAeP* and &2 = D2A4eP*.
dx dx?

Substituting into the equation gives
aD?AeP* + bDAeP* + cAeP* = 0
AeP*(aD? +bD +¢) =0
Thus y = AeP* is a solution provided aD* + bD + ¢ = 0 solves to give one
of the following:
a) Two distinct real roots (b? — 4ac > 0).
If D = D, and D,, then the general solution is
y = AeP1* 4+ Bel2*
b) Equal roots (b? — 4ac = 0).
If D = D, (twice), then the general solution is
y = AeP1* + BxeP1* = (A + Bx)eP1*
c) Complex roots (b? — 4ac < 0).
If D = D, and D,, where D, and D, are of the form p + gi then
the general solution is
y = eP*(Acosqx + Bsingx)
The equation aD? + bD + ¢ = 0 is called the Auxiliary Equation (A.E.)
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Examples
d’y |, dy _
1 SOlVGﬁ‘FE—Q'y—O
The auxiliary equationis D2+ D —6 =0
(D+3)(D-2)=0
D=-3 D=2

The general solution is y = Ae 3% + Be?*

2
2 Solve%+43—z+4y =0
The auxiliary equation is D> + 4D + 4 =0
(D +2)(D+2)=0
D=-2

The general solution is y = e 2*(A4 + Bx)

2
3 SolveZ+22+5y=0

x? dx
The auxiliary equation is D> + 2D +5 =0
D= —2++/-16
2
D=-1+4+2i

The general solution is y = e™*(Acos2x + Bsin2x)

Exercise 5:
1  Find the general solutions of these linear differential equations
’y _ gdy _ ’y _ 4y _
a)w—33+2y—0 b)dxz 4dx+3y_0
¢’y _ gdy _ 2y _gdy _
C)w—:ga—o d)2dx2 9dx+9y_0

2  Find the general solutions of these linear differential equations
4y oy _ L
a)@+6a+9y—0 b)4dx2+4dx+y_0

@y _ay g @y Ay, o
C)dx2 6dx+9y—0 d)dx2+2ndx+ny—0
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3  Find the general solutions of these linear differential equations

)—+2—+2y—0 )—+4—+8y—0
d?y . dy _
)—+6—+13y—0 d)ﬁ+a+y—0

Non-Homogenous Second Order Differential Equations

Let us first consider the case when f(x) = 0i.e. a d 2+ bdy +cy = f(x).

Firstly we find the general solution as above. This |s caIIed the
complimentary function (C.F.).

We then find the a particular solution of the given equation. This is called
the particular integral (P.1.).

The general solution (G.S.) of a== + bdy + cy = f(x) is found by adding

the complementary function and the partlcular integral.
For the particular integral we choose a solution of the same form as f(x).
a) If f(x) is a polynomial function of degree n then try
y = C, x” 4+ Cpox™ L+ Cppx™ 2+ -+
flnd and and then substitute into the given equation.
By companng coefficients we can find C,, C,,_; ... C;.

b) If f(x) is an exponential function then try
y = Cepx

flnd and and then substitute into the given equation.
By companng coefficients we can find C.

c) If f(x) is a trignometric function then try
y = Clcospx + C,sinpx

flnd and and then substitute into the given equation.
By comparlng coefficients we can find C; and C,.
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Examples:

1

d?y dy _
Solveﬁ+35+2y—4x+4

The auxiliary equationis D + 3D +2 =0
DbD+1)(D+2)=0
D=-1 D=-2

The complementary function is y = Ae ™ + Be™2*

For the particular integral try y = Cx + D
Y_c
dx
d?y

dx?

Substitute into the equation gives 0 + 3C + 2(Cx + D) = 4x + 4
2Cx+ (3C+2D) =4x+ 4
Comparing coefficients 2C =4 = C =2
3C+2D=4 = 2D=-2 = D=-1

Particular integral isy = 2x — 1

The general solutionisy = Ae™ + Be™?* + 2x — 1

Solve 22— 2% 3y = x? 4 4x 5

The auxiliary equation is D — 2D —3 =0
(D—-3)(D+1)=0
D=3 D=-1

The complementary function is y = Ae3* + Be™™

For the particular integral try y = Cx? + Dx + E

d—y=2Cx+D
dx
2

d_yzzc

dx?
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Substitute into the equation gives
2C —2(2Cx+D)—-3(Cx*+Dx+E)=x*+4x—5
—3Cx?+ (—4C —-3D)x + (2C — 2D —3E) = x>+ 4x -5

Comparing coefficients —3C =1 = (C = _é
—4C—3D=4=>—3D=§ :Dz_g
2C—2D—3E=-5 = _35=_5_95 = Ezg

. . . 1 8 55
Particular integral is y = —§x2 —-x+

) ) _ 1 8 55
The general solutionis y = Ae3* + Be *—=x2 — = x + =
y 3 9 27

d2
Solve =2 — y = 2¢3%
dx?

The auxiliary equation is D> —1 =0
D-1)D+1)=0
D=1 D=-1
The complementary function is y = Ae* + Be™™

For the particular integral try y = Ce3*

d
= = 3Ce3*
dx
d2
=2 =9Ce%*
dx

Substitute into the equation gives
9Ce3* — Ce3* = 2e3*
8Ce3* = 2e3%
Comparing coefficients 8C =2 = C =%
Particular integral is y = ie”

The general solution is y = Ae* + Be™ + %e3x
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Solve =4 2— + 2y = 3e™%*

The auxiliary equationis D>+ 2D +2 =0
244

2
D=-1+i

The general solution is y = e™*(Acosx + Bsinx)

For the particular integral try y = Ce™2*

d _
D= _2Ce 2
dx
d? _
&Y _ pCe—2%
dx?

Substitute into the equation gives
4Ce™%* + 2(—2Ce™%*) + 2Ce™%* = 3e™2%
2Ce™2% = 3eg7%%

Comparing coefficients 2C =3 = C =3

. . . 3
Particular integral is y = - e 2¥

The general solution is y = e ™*(Acosx + Bsinx) + %e‘zx

Solve + 6 + 10y = 30sin2x

The auxmary equatlon isD?+6D+10=0
—6+ V-4
=———
D=-3+i
The general solution is y = e 3*(Acosx + Bsinx)

For the particular integral try y = Ccos2x + Dsin2x
dy

— = —2Csin2x + 2Dcos2x
dx

2
4 — = —4(Ccos2x — 4Dsin2x
dx
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Substitute into the equation gives
—4Ccos2x — 4Dsin2x + 6(—2Csin2x + 2Dcos2x) + 10(Ccos2x + Dsin2x) = 30sin2x
(6C + 12D)cos2x + (—12C + 6D)sin2x = 30sin2x

Comparing coefficients 6C+ 12D =0
—12C + 6D = 30
= C=-2andD=1

Particular integral is y = —2cos2x + sin2x

The general solution is y = e 3*(Acosx + Bsinx) — 2cos2x + sin2x

6 Solve——6—+9y—e + sinx
The auxiliary equation is D> —6D +9 =0
(D—3)3=0
D = 3 twice

The general solution is y = Ae3* + Bxe3*

For the particular integral try y = Ce* + Dcosx + Esinx

dy .

—= Ce* — Dsinx + Ecosx
d?y )
—2 = Ce* — Dcosx — Esinx
dx

Substitute into the equation gives
Ce* — Dcosx — Esinx — 6(Ce* — Dsinx + Ecosx) + 9(Ce* + Dcosx + Esinx) = e* + sinx
4Ce* + (8D — 6E)cosx + (BE + 6D)sinx = e* + sinx

Comparing coefficients 4C=1 = C =%
8D —6E =0
6D +8E =1

3 2
= D=— and E =—
50 25

: : : 1 3 2 .
Particular integral is y = " e* + =5 COSX + —sinx

. 1 3 2 .
The general solution is y = Ae3* + Bxe3* + e +cosx + —sinx
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@Y _ . 9px
7 Solve— —y=2e
The auxiliary equationis D2 —1 =0
Db+1D)(D-1) =0
D=1 D=-1
The general solutionis y = Ae* + Be™

Note: If the terms in the C.F. also appear in the P.l. then an extra x is
required in the P.I.

For the particular integral try y = Cxe”*
dy

— = (Ce”* + Cxe”*
dx
dz_y — X x
—z = 2Ce” + (xe

Substitute into the equation gives
2Ce* + Cxe* — Cxe* = 2e*
2Ce* = 2e*
Comparing coefficients 2C =2 = C=1

Particular integral is y = xe*

The general solution is y = Ae* + Be™ + xe”*

107



Exercise 6:
1  Find the general solution of these linear differential equations

2
a)ﬂ—4dy+3y—x b)%—y=2—5x
@Y 4 gy — ay 5 dy _ 2
C)dx2+ dx+4y—32x d)dx2+2dx+2y—1+x

2 Find the general solution of these linear differential equations
2
)—+2 — 3y = 10e%* b) 4ﬂ+ 13d_y_|_9y=7e—2x

Cd—y———Zy—e )d—y—éldy+4y—2€2

3  Find the general solution of these linear differential equations

a)——3—+2y—smx b)——2—+y—100052x

C) 4 + y = 4sinx ) — + 8— + 25y = 26c0s3x

4  Find the general solution of these linear differential equations
)—+4 +4y—x—e b)—+——6y=ex+e_x

C)E+4a+8y=x—e d)4 +4 +y—e — 2c0s2x

5  Find the general solution of these linear differential equations
)—+5 +6y—362 b)——4—+3y—Ze

6  Find the particular solution of these linear differential equations

—+2—+2y—smx for which y = 0, Z—i=0whenx=0

7  Find the particular solution of these linear differential equations

—2 2 _ 6y =5e3* forwhichyzl,d—y=—6whenx=0
dx
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Answers
Systems of Equations

Exl:la)x =5,y = —%,z = —% b) x=5, y=3, z=7 c¢) x=5, y=2, z=1 d) x=3, y=1, z=-2

e) x=0, y=0, z=0 2a) a+b+c=2, 4a+2b+c=7, 9a+3b+c=14 b)a=1, b=2,c=-1 c)y=x>+2x-1
3a) -4g-2f+c=-5, -2g+4f+c=-5, 12g+6f+c=-45 b) g=3, f=1, c=-15; x>+y?-6x+2y-15=0 c¢) r=5

Ex2:2a) x =3(1+4),y =10+ 114,z=1 b)x = —Z4y=—-(3+21),z=1
Q) x=2(5+31),y=:(41—-5),z=1

3 a#-4; x=2, y=-1, z=0

4a=8x=-(6-A),y=<QA-7),z=1

5a) a#-9 b) a=9, b=7

6a) a=-5,b=-11 b)x =31 -5,y =14,z =51 —11

Ex3 1a) 2x4 b) 3x2 c) 4x2 2) A=C, F=G, H=K 3a) x=4, y=-3 b) x=4, y=-1 c¢) x=5, y=2

3 5
d) x=2, y=-3 4a) (41} g) 4x2 b)( 1 g _12),2x3 c) (% i 2 ;),2x4

2 7
5) Proof 6) x=5, y=-4

exa1a) () DD o () o) o 903 99 Hn 14

2a) (2 ?) b) (_61 _72) c) (3 _93) d) (3 _93),yes it is true 3) A=-B 4) Proof

exs 12) (1) 0) () o () o (M) ea v oo -1 9(7, 7))
0, 3 ) 99E Dol DaC Dol Dot Y
o )’ e 2 n(? _g)4a)<4 9>b)<0 5)0)(3 9>

9 12 7 1 12 7
0 -2
o3 )
12 7

coa (%, )00 2 o(E D)ol Hal, 5 D
10 6 8 6 8 2 18 24 6 18 24 6
b) (12 10 6) c) (4 0 6) d) (8 10 0) €) (12 10 ) 0 (12 0 18) 9) (12 0 18)
16 —8 24\ . (16 —8 24 —7 ~19 44 —16
h) (3 40 0) ) (32 40 ) 3a)( 1) ( 10) C)(s 13) d) (—22 22)

4a)( 3) b)( | g) c) (1 5) d) (_ 3) 53) (5 —81 _—178) b) (Z :461)
6) p=-1, q=4, r=3, s=-2
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EX7 1) (11) b) (26) ©) (9) d) (13) €) (15) N Bx5y-2) 9) (o) W () 0 (D) D () W (3

11 9
) (4) m) ( 1 ) n) not possible o) (26) p) (173> g) not possible r) (2;) ) (0) 2a) x=4, y=-4

b) x=3, y=-1 c) x=8, y=5 d) x=2, y=-1 3ai) (14 15) i) (19 13) AB#BA
bi) (1 1) i) (1 1) A(BC)=(AB)C c) Proof 4)( :i) (7103 _]2“7*) 5) (g 8) (:‘2L 2)

6a)( ) b)( ) c) (a Z) d) (‘5 Z) €) (0 1) ) ((1) é)

7) a=1, b=-1, c= 2d38)p—,q—-—r—2519)p5q210)p -2, =13
5 0 5 4 1 5\ /7 4 12 _1

11) (12 1 13) (g 150) 12) <3 -1 5) (—1 —2 —2) 1) 2 2 (_01 _01)
8 -1 7 7 2 8 \4 0 6 - 3

14) p=27, g=-54 15) p=5, g=-12

Ex8 1a) 13 b)-5 ¢)-6 d)0 2) Proofs 3a) 1 b) cos4© c) In2|n235 4a) 25 b) 14 c)51 d)O
e) 1428 f) -320 5) Proofs 6) Proof

conpeos (2 )0 Tl Dol Palt )

cos —sinf
f) (sinH cosH)

7 1
3 1 3 —= )
- == -9 4 . 3 2 0o 1
Ex10 1a)| 2 2] b c) does not exist d e f
)<—2 1 > ) (16 —7) ) ) <—2 5 ) )<§ 1) ) (1 —1)

3w i 5w i
2a) (5 ‘5) (3 ol 2 d)<3 ‘7) of 2, .2 f)<3 ‘7)
0 1 -1 2 - -1 2 - -1 2

[uy
w

—
| o

|

|
Lol
~_

N

N

~

—_

oo

|

—_

N

|

~

~_—
—

[a»)
NIRrN]|R

_1 1 _1 _1oum 2
12 3 6\‘ 3 57 19\‘
5| -x = —|e| 1 1= =

6 18 1 19 19
2 7 1 4 65 2
3 9 9 3 57 19

Ex12 1) x=8, y=3 2) x=3, y=-2 3) x=4, y=-3 4) x=2, y=-3 5) x=4, y=-1 6) x=3, y=2

Ex13 1) x=5, y=3, z=7 2) x=5, y=2, z=1 3) x=3, y=1, z=-2 4) ng, yz-g, z=0
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caria (G D0 @ Ya(h (% DaC )l ) 2ees

Vectors
Ex1 1a) Number, 8 b) Vector, 5i+7j+9k c) Vector, 4i+4k d) Number, 45 2) AB=+/38 BC=3v6

— _ 3 _ 41 _ 1. 1.
CA=V10 cosA=—_— cosB=—— cosC= \/_ Area— V371 3) Proof 4)\/_ \/_] S5
5a)_3+2ﬁi+£j+3+2ﬁk, -3- 2\/—i_\/—] 32\/—k b) Proof

6 - 6 — 6 - 6 = 6 =
Ex2 1a) —10i + 7] — 16k b) 5 — 5k ¢)-20 d)-15 €)-125 2a) —11i + 14j+k b) 2 c) -2,
3) Proof 4) 5i + 31j + 14k 5a) —=3j - 3k b) —3j - 3k c) Proof
1 . . 1 . . 1
6) —=(3i+4j + 12k), —(3i +4j +12k) 7) 115 8) Proof

Ex4 1a) 3x-2y+7z=18 b) 2x-y-z=9 2a) x-y-2z=5 b) 37x-10y+23z=70 3a) x+3y-2z=-1
b) 35x+21y+152=105 4a) 3x+12y+17z=43 b) 4x-2y+11z=51 5) 5x+6y-7z=12 6) 4x+3y-z=1

Ex5 1a) 70.5° b) 56.3° c) 22.5° d) 0 2a) 18.0° b) 70.2° c) 60° d) 70.5° 3a) 28.5° b) 22.4°
c) 22.4° d) 11.1° 4a) (1,2,0) b) (-1,3,4)
x—3= y+1l

5a) —2=—2= i (subtracting > 2 from each part gives x—_4 =2= ﬂ) b) +§ = _13
c)’“‘zzzzyf_i1 6a) (1,4,-9) b) (7,4,9) 7) Tx+y-3z=6 8a) (301) b)"—3_§=T1

9a) x=2+t, y=-4+2t, z=3-4t b) Proof c) 2x-3y-z=13 10a) Proof b) x=3+2t, y=2+3t z=-4+t c) Proof
11a) Proof b) 4x+2y+z=9, C (3,-1,-1) 12a) x=1+t, y=-1+2t, z=2-3t b) Proof c) (2,1,-1)

Integration
Answers (to save space the +C has not been included in every answer but it remains essential)

Ex1: a) 2x* b) - ©) = xz d) 2vVx e)x? =2 ) 2x7 — 227 Q) <3x+4> hy — 4= 2x>s b1

2 2(2x-3)
Vax+1 . . .

) k) — m ) —§c053x m) 3sm§x n) Ex —Zsm2x 0) Ex +Esmx

Ex2: a) ¢ 2e5% p)—Ze72x () 6e7* d) ZIn3x e)In(x +5) f) —ln(2x —5) 9); 2o 4 2x —1e72%

h) x — e‘x i) Ee —% ~2X j) 2In(3x + 2) k) —Eln(l —2x) 1) —;ln(S —7x) m) Ztan4x

n)%tan(n+2x) o)gcoth
Ex3: a)—— b)—— C)30 d)12 e)— f)11— g)— hyl1i)m j)= (1—e‘6) K)ye—1 I)Z(ez—

12
1)

m) In3 n) §1n2.5 0) In3
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Ex4: a)—(x — 3)6 b) = (x —1)3 ¢) ——(1 —xz)z d) ——smsx e) f) iln(l + x%)

4(1 2)2

Eln(3e —1) ) In(tanx)
Ex5: a) %(3x +2)5— %(3x +2)* b) i(Zx +3)7 —g(Zx +3)° ) 2(1 +x2)s —2(1 +x2)2

1 2 9 1
d)E(Zx + 3)2 - E(ZX + 3)2
Ex6: a) —vV1 —x2 b) 25in‘1§ +xV4 —x2 c) —V9 — x2 d) Zsin‘lg + §\/4 — x2
Ex7: a) In3 b) 6 +3In7 ¢)—

Ex8: 1a) 12 b) 2= 2a) 202 b) 3—
4 6 12

16a2

Ex9: a) 36 b)2— c)5 d)8 e) 42 f)
Ex10:2) 9 b) 117 ¢) 2V3—2v2 d)= €) 75 f) e?(e® — 1)

Ex11: 1a) sin‘l( )+C b) = tan_l( )+C C) sin 1(§)+C d)l—lotan_1 (%)+C e)isin‘1 (5—x)+C
) tan~ (Z)+ ¢ @) sin' (2)+ ¢ h)ztan (£) +¢ 2a) X b) T o) m d) =

Ex12: a)

4(1 St b) Lin |A(”3")|+c c) L tan-l( )+C d)=Sinj1—t| +C ) 6sin"" (2)+C

f) InA(9 + x?) Q) +C h)= ln(x +9) + tan™~ 1( )+C i) ln|—|+C J)—+C

10(x 5+1)2

k)zln|2x+3|+C ) C—+vV1—x?

Ex13: a)3In(x+2) —2In(x+4)+C b)x—In(x+2)+In(x—2)+C
¢)3ln(x—1) —3In(x—2) +In(x+3) + C d)x—gln(x—3)+§1n(x+ 1) +C
e) 3x — %ln(Zx —D+2lnx+3)+C fInl5

Ex14: a) Inx + 2In(x + 1) + ——+C b) 2In(x+2) —In(x = 1) - = +C
0)In(x+2)—~In(@2x—1) === +C d)tIn(x—2) —inx+ 1) —-=+C e) 1+ 1n3)

Ex15: a) 2In(x — 1) — In(x? + 1) + tan"'x + C b) 1—51n(x2 +1)—12In(x+ 6) + 2tan"Lx + C
c)—ln(x+1)+ SIn(x—1) —=In@? + 1) + € d) =In(x? +4) —zIn(x + 1) += tan-l()+c

3
Ex16: a) - xcosx + sinx + C b) —§6053x + %sian +C ©) gxi(lnx — g) +C
d) —Lzlnx — L2+ C e)xe*—e*+C 1) 2 xsindx + — cosdx + C g) -2
2x 4x 4 16
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Ex17: a) x%e* — 2xe* + 2e* + C D) —§x20053x + %xsin?;x + %COSBX +C

c) %xzezx — %xezx + iezx +C d) %xzsinZX + %xcost — isian +C

e) —x2e ™ —2xe™* —2e™* + C f) (5x3 + 3x)e* — (15x% + 3)e* + 30xe* —30e* + C g) e — 2
Ex18: a) xtan 1 x — %ln(l +x2)+ C b) xsin™13x — gm +C

C)xtan‘lzx—iln(1+4x2)+6 d)xsin‘1%x+\/4—x2+C e)xcos ilx—V1—x2+C
f)xtan_lgx—ln(4+x2)+C g) xIn2x —x + C h) x(Inx)? — 2xlnx + 2x+ C i) 1

Ex19: a) gexsian — %exCOSZX +C b) —%e‘xcosx — %e‘xsinx +C

3 . 2 _ 1, . 2
c) e 2Xsin3x — e 2Xcos3x + € d) e*cos?x + ce¥sin2x — -e*cos2x + C

Ex20: @) stan™' 2+ C b) 2In(x? + 6) + C ¢)3In |M| +C d)2e +C

e)lxze ——xe2x+ ezx+C f) = (tan‘lx)2+C g) In

|) sinx +C j)x + 2In|x — 1| + C K)

_1 -1
ot C D ln|4 3%+ C m)sin ( “)+cC
n)ge(3+2x)+C 0) x tan~ x—zln(1+x2)+C p)Eln(x +16) + tan™ 1Z+C q)gtan x+C

r)%x2—2x+4ln|x+2|+C S)l—nz—? t)%(x+2)7—§(x+2)6+6

Differential Equations

-1
eX+C

)%

A?C
Exl:a)y=ib)y=1— Zic Qy= Cx2 cosy:C

(c+1)x+1
Dy==Fq9

g) 2y%2—5=Cx
-1 -1 Vs 1xz . T
Ex2: a)y=ln(1—c052x)+1 b) tan™" y = tan X+ C)y=3ez +2 d)y=sm(x—g)

9y=—

2cosx x+1

sinx

e)y=e f) siny =

Ex3: 1) 58days 2a) 6 = Ae %t + 15 b)i) 69.5° ii) 11.7mins 3a) p = 468e°°132t ) 609
4a) = = Jx b) Proof ¢) 6837m? d) 12days 5a) 1.024mg b) 6.22hrs

2
Z +4) +3tan! (E) Nv=
4 2 2

1+4e 2

6) Proof and t = ln( 8) 4.74mins 9) tan"'y = In|sinx| + >

Ex4la)y=(x+1(x+C) b)y= —gcoszx + Csecx c) y = cosecx(x + cotx + Ccosecx)
dy= (1+x) (—x +x+C) e)y= ( il) (xe* —e*+C) f)y = (2sin2x + cos2x) + Ce™*
)y =Ce*(1-x)—1e™) (1 —x) hy=e*(5+5) i)y

_ . _x 3(3x+4)
4 sinx 28.) Y= (x 9) b) T 12(1+x)2

dy= (x+1) (e*—e) e)y= xz(smx — cosx) + x(sinx + cosx) — x( + 1)

C(x+1) (x+1)? o X
X

. 1 cos2x
]) vy = Ccosecx — =

C) y = 4sinx — cosecxcotx
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3
Ex5 1a) y = Ae?* + Be* b) y = Ae3* + Be* c)y = Ae?* + Be3* d) y = Ae?" + Be3*
1
2a)y = (A+Bx)e™* b)y =(A+Bx)e ? ¢)y=(A+ Bx)e3* d)y = (4+ Bx)e ™
3a) y = e *(Acosx + Bsinx) b) y = e ?*(Acos2x + Bsin2x) ¢)y = e 3*(Acos2x + Bsin2x)
1
d) y = e 2*(Acos ?x + Bsingx)

Ex6 la)y = Aex+Be3x+§x3+§x2+%6x+% b)y = Ae* + Be™ + 5x — 2

C)y= Ae™ + Be ™ 4+ 8x? — 20x + 21 d)y = e *(Acosx + Bsinx) + %xz —x+1

2a) y = Ae 3* + Be* + 2e?* b)y = Ae™* + Be™# — 7e2 C)y = Ae ™™ + Be** —%ex
d)y = (4 + Bx)e** + %e‘zx 3a) y = Ae* + Be?* + f—ocosx +1—105inx

b)y = (A+ Bx)e* — ECOSZX — gsinx C)y= Acos%x + Bsin%x —gsinx

d) y = e **(Acos3x + Bsin3x) + %cosSx + %sinSx 4a)y = (A + Bx)e ?* + %x — i — 11—662’5
b) y = Ae™3* + Be?* — iex — %e‘x C) y = e ?*(Acos2x + Bsin2x) + %x —i — 1136"

1
d)y=(A+Bx)e 2" + %ex + %cost — %sian 5a) y = Ae™** + Be 3% 4+ 3xe~%*

b) y = Ae* + Be3* —xe* 6)y =e™* (Ecosx + Ssinx) — Ecosx +§sinx 7)y = 2e7 %% — 3% 4 xe3%
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